MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Today: Continuous functions
> Q&A: February 8
Next: Ross § 18

Week 6:
Homework 5 (due Sunday, February 14)

Regrades of HW3 (Monday, February 8 - Wednesday, February 10)



Functions

DQ‘F.(FLLV\C'HOV\) let X and Y be dwo sets. We Say thot

there s a function defined on X with valwes m Y, i Via Some
rule § we associate to each element xeX on (one) clement
ge Y. We write Xa, 2y (or y=F2) .

Y is colled the domain of definition of the Function, dom (f)
j='F(1\ is called the ‘\W\O\SQ ot x. £ lon) [on) |, xrrx?
Remarcks 1) We consider real-valued functions (Ye R) of

one real vyariable (X c R) .

2) 1f dom () is not sPe,cl"Ffe_A\Tth it ¢ whderstood that e

toke the natural domain: the larjes’c substt of R which the
Lonction (& well defined (-{-‘M:E means dom (f) = [0, +0)

9(1)= T:_r"'z— means C‘ow\(ﬁ).: \R\{o‘lg




Con‘tinwi‘t\j of o -Fuu\c'tiow at a Poln‘t

lthL'L't.NQ.(\.) . FU,V\Q‘UO‘/\ -F IS COn“t\'V\uouS QJ( PoiV\‘t Xot c‘om(‘F) I‘F
_g(-1\ O'FP‘-DQC‘\QS —F(Iq 0.5 X &FFFOQCL\QS Lo .
Def (3.1 (Covﬁinuﬂ"j). Let £ be a real-volued funclion  domé)cR.

Function § is continuous at x.edom(f) 1§ for any Sequence

(In) N dom () Covwe.rs(na to Xo, we hove linn ‘F[I“) s-H1°>
Lim £) = £ (lim 14)

T

-H‘I.)-;'L—— (

Det 13.6 (Confihu\tj)Let £ be a real-volued function. VLl

Function § is continuous at x.edom () f i
Vevo 380 (Aedom(B) A 1X-10128 = \F(I\—-F(lo)\4£> (*)

Remarle Def .1 s colled e Sequqvﬁr(q\ definition of ConJCfnufJoj,
Def .6 15 coalled the £-8 definition of con‘kinu‘\’g‘




Equivalence of Sequem‘t(d and £-F  definitions

T‘r\n‘r\ 7.2 . Definttions .1 and (7.6 are ecruivu\ent
Proo{ (I?-\=>l7.6>. SU_PFose that (*k) fauls

V€50 3550 (xedom(f) A -xole§ = |-F(gg)—1f(x°)|<5) (%)
This means  that
Jevo Voo 3 xedom(f) ([H-2eled A JHR) - Hxo)|2¢)
Toke 5=K‘1 3 2n e dom (F) (\IM—I\A A ) ) - Fxo) \’2)
= 3 (xa) st fimtm=% A limsup [Ha)- )| 2 £ ontrodiction
(&). Let (1) be such that [im Xn=%.. Fix £>o0. Bj (%)
30 (redom ) A l-%1¢8 = [F(x)- Fxd)2e
lim % =xe & 3 N Yas N (m 1| ¢3)  Therefore

now

V ny N (xgdom($) A m-n;AS) RN (VF{xm) - )] <5 )
= w Axn) = £ 3 2




Continuity on a Set. Examples
Q.Qi Let § be « ‘F\LV\CJCiOV\‘ and let Sc Aomm_

4 is continuous on S f Hor all x.eS  § is continuous at ..
Crample 1) f0= 2

Proof  [Let xee RN{-11Y and et (%) be such that Yw 1né b0
ond  im X =%xe. Then b\j Thm 9.2,9.3, 9.6

s continuous on RA\{-11}

: e 2% 2 imXe 2% (g
i +(x) = lim xE-) m 2 - +(x:)

By Det B 4 5 contivmows at X for any X. € RN LY
2) g(m)z s(n(:}g)-por x#¥0 oand 3(o)=a. Then -(:bran‘j o<l

%is not continuous at 0. ‘ [\
P\"OO‘G TOJ{Q (1h) w\tl\ 1h=“-_('22_n':) \/

Ther\ “\W\'Inf O o.hd 9('1.\) = Sin [ Wgh—u)) =(:\)M\ 0
2 YoeR  limgou)=a {ulks




Contmuutq and axithmetic operations
Thm 133 L_e’c £ be a real-volued Jfynclion with dom @) cR.
€ £ is continuouws at  xo¢ dom(#)  then H[ and k-F, keR,

ofe continmous at  %o.
Proof. Let (xn) b2 « Sequence (h dom(£) such thal [(imza= 2.

Then bj The 92 fim b £(n) = k- lim fHaw) “'H:)”

Therefoce b s continuous at oo .

By the -triangle Lmquod(tj | ) - ] € 1 (i) - F(xeY |

Fix €>0. Then  limflx) =£(1) = I N V>N |Fx)-Hx)|eg
Then Y as N W - 1E X)L € £ () -Fxe) | ¢ €

This means that li_)valwc(x“)\ = x5 continuows at .

|




COV\'th\LLL't‘-{ and  arithmetic opara‘t\ons

Thm 134 LEJ( f and 9 be real-vodued Jfunctions that are continuous
ot AeR. Then

(i) -F+3 is continuous at 3, (N —(~3 15 continuwoud at %A,
() ¥ gla)#0, then o s continuows at x.,

b
Proof - Note that ¥ xe AOM(-H(\dOij) ,'Hr\ev\ (—f+oﬁh)=-@(‘1)1—3(’1) and

_Fj (%) =-Hx\-cJ/1) are. well- de@im&. Moreover i xedom ()n 30“"(‘3)
%{1\ = 3—(—) is well-defined .

Let (%) be a 5e<1uev\ce i dom@E)ndom(9) st- lim Xn =Xe.

Then  lim (\C(u\\ + (1(1@\ l\W\ F(2a) + lim g (1) = = £(x.) tgha) and

awnd «3(’:0#0 then

hen (£ (1) - 3(10\ = \\MH'IV\) \\W\?(XV\)— %)-3(1») I moreover ¥n 9{ty40

) 196 . o
then lim _g(&“\) \T\:fi;%l%) ii; [dom(g) dom ['F) (\{'leelow\(j) Cj[l 4.0}'



Cova('\V\uthj of o comPos({[oh of functions
et f and ) be real-valued functions. |f xe dom(f) and FEdedom(s),
then we  define 301C (3):= 3(15(1)) , dom (gof) = {xedom(F): (1) € cbmly)]

Thm (3.5 £ £ s continuouws at x, and 3 s contivuuous at -]3(1.,\,

then gof is continuous at x..
ELO_Of It s 3'Ne_vx that Yo edom(¥) ond -C(’xujee\om(SB_

Let (xa) be a Sequence such that  Yn xuwe dom(ﬁof) and

kwm Xn= %s. Denote kjv\’-‘-F(Iv\) (o= F).  Stace f 05 continuous
at %o, limyn =lim Fo)=f (1) = yo Since g is continuons
ot ?(lo\mjo | We hove  (im Bowt(h): \wm ﬂ(ju\)= j(‘jo)=3°”1°)’
Therefoce, Sowc 1§ contihmous at  x. .



Examples

) stn(x) is cortinuous on R
Post © Enough fo shew that  sin(x) s continuous ot ©
For Qny Yo € R and () with  [im xu=%e
[stn (1) - st () | = | 2 sin (22227 cos (1“2’_’1°)\é | 250 (1“'1°)~0\

2
@ Areo (A\ < Aveo (Z))

:> \d xX€ [O‘E Z—ISiV\('l) é-“_z_','xf_r__: % ﬁ”"”" .
[T st | ¢ |3
5 Vxe I I]  [sintd] e (x|

® [f Wmyn=o thew I N ‘o‘m_vrclf\) wn\s;—‘ Then
: SAUG
¥ noN oslstn(Ya)| £ [Yn] = lim sia(ya) =0

Sin O0=0° '




Examples
2} -F(ﬂ:\{; s continmous on [0,+00).
® {x is continuous at o
Let i Xn = 0. F{x €50 | hen I N Hnas N Tn & EF
= Yoo N {ze<sg = lim fx =0
@Lejc Xo € (0,4 0) (q) st. Y (Ao, =) ond fim A =2
-rs“m

Then lim Xn =250 = 3 N ¥ N (:u\)'l")

Fix €50, Then 3 N2 Vs Ne \')Lv\"IoKLE'Z "Thew

] ';(_,,\ ‘Io llv\ Xo

Y nswmox NNy 1 FE)=Fx)) = | (- Ve |

I_o

3‘) Cos (X) IS continuous on R . C,OSDQ=\!\- Sln' (x) ,\)j Thm 7.4

<&

|- SEV\Z(I) is continuous on R . Moreover \d reR - SiV\L(’&)e [0\ [0me)
= by examplk 2) and T\K\M 7.5 Ccos () ig continuous on R,



