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Week 6:

Homework 5 (due Sunday, February 14)

Regrades of HW3 (Monday, February 8 - Wednesday, February 10)

Today: Continuous functions  
> Q&A: February 8

Next: Ross § 18

:



Fonctions

Def . (Function ) Let X and Y be two sets
.
We soy that

there is a function defined on X with values in Y
,
if via some

rate f we associate to each element xe X an (one ) element

ye Y .
We write f :X → Y

, xÈy (or y=Hx)) .

X is called the domain of definition of the function ,
dom (f)

,

y = f- (x) is Called the image of x .

f :[0,1 ) → [Oil) ,
xxx

?

Remarks 1) Ne consider real - valued fonctions (YCR ) of

one real variable ( X CR) .

2) If dom H ) is not specified , then it is understood that we

fake the natural domain : the largest subset of IR which the
ffx) - VI mears dom (f) = [0 , to )function is welt defined ( g =

mens donc g) = RHO -
'4)



Continuity of a function at a point
Intuitive ly : Function f is continuons at point xoedomtf ) if

f- (x) approches flxo) as x approches x. .

Def 17.1 (continu ity ) . Le t f be are at - valued function
,
dom CR

.

Function f is continuons cet x.c- dom (f) if for any Sequence

(xn ) in dom (f) converging to Xo
,
we have

DefI (Continuitg) Le t f be are at - valued function .
Function f is continuons cet x.c- dom (f) if

Remark Def A. I is Calle d the séquentiel definition of continuity ,
Def A- 6 is called the E- et définition of continu ity .



Equivalence of séquentiel and E- 5 définitions

Thm 17.2
.

Définitions 17 - I and 17.6 are

Proof f17 - t ⇒ 17.6 )
. Suppose that At) faits

f- E > 0 JE > 0 ( xedom (f) A Ix- x. ILS ⇒ Iflx) - flxo) ILE ) (*)

This means that

Jake f- :

⇒

⇐) . 1-et lxn ) be such that lim Xu -- Xo
.
Fix E > o . By (*)

limxn = x. ⇒ Therefore
nan

tn > N (x# dom (f) a Ixn - x. ILS )



Continu ity on a set . Exemples
]efI 1-et f be a function

,
and (et se dom H )

.

f is continuons on S if for all x. c- S f is continuons at xo .

Example 1) f- (a) =¥,
is continuons on 1121f - til}

Prout
.

1-et x. e kif - till and let (xn ) be such that V-nxnetf-i.tl

and limxn = Xo
.

Then by Thm 9.2 , 9. 3,9-6

limflxn) =

By Def A. I f is continuons at do for any x. c-Pil- til }

2) g (x)
= sin (¥ ) for x #O and g (a)

= a
.
Then for any

AER

g is
not continuons at o .

Ï Takelxnlanawith
an . FM

⇒



Continu ity and arithmetic opérations
Thm 17.3 Let f be a real- valued function with dom (f) ok .

If f is continuons cet x. t dom (f)
,
then

proof
.

Let (xn) be a Sequence in dom (f) such that Liqçxn = xo .

Then by Thm 9.2

Therefore kif is continuons cet x. .

By the triangle inequatity
Fix E > 0 . Then limflxn ) = Hx . ) ⇒

Then tn > N

This means that timlflxnll-lflx.tl
,
ff1 is continuons atxo

.

n→ a



Continu ity and arithmetic opérations
Thm 17.4 Let fond g be real -valued furetions that are continuons

cet x. c- IR . Then

( i ) ftg is continuons at xo Iii) f. g is continuons cet x.

(Iii ) If glxo) # 0 ,
then É is continuons atx . .

Proof : Note that if xedomA) ndomlg ) ,
then #g) Ix ) -- Hxttglx ) and

f. g (x)
= Hxl - gtx ) are welt - defined

.

Moreover
,
if xtdom (f) ndomlg )

and gtx) # 0 , then § txt = ¥! is welt- defined .
1-et (an) be a Sequence in dom (f) ndomlg ) s

-
t - limxn = xo .

Then tim fflxnttqlxn)) = ,
and

him (fan) . glxn)) = . If moreover tn glxuto

then him Had
gtxu)

=



Continu ity of a composition of function

(et f and g be real
-valued furetions

. 1f xedomlf) and flx) c- domlg),

then we define

Thm 17.5 ff f is continuons at x. and g is continuons cet flxol
,

then

Prof It is given that x. c- dom H ) and flxo) c- dom (g) .

1-et lxn) be a séquence such that and

limxn = Xo
.
Dénote

.

Since f is continuons

at x.
, limyn = Since g is continuons

at flxotyo ,
we have Lim goflxn) =

Therefore
, got is continuons cet x.

.



Exemples

1) Sin (x) is continuons on R

Proot t Enough to show that sinlx ) is continuons at O

For any x. c- Rand (an) with lim Xu - xo

Isinlxn) - sinlxo) ( =

2 Area (A) E Area (d)
sine) - - - - - - - .

⇒ txt toi II / ×

⇒

3 ff limyn = 0
,
then Then

tt n> N



Example

2) flx) = VI is continuons on [ 0 , to ) .

| Fc is continuons at o

Let Iimxn = 0 .
Fixe > 0

.

Then

⇒
2

1-et xoelo.to )
,
(an) s.t.tn/XntL0ito ) ) andlimxn-xoT9.tl/i)Thenlimxn=xoso⇒

Fix E)0
.

Then Then

tn > max {N.int/flx)-flx.)I=IVIn-Vxo / =

3) Cos (x) is continuons on R .

Costa) =
, by Thm A -4

is continuons on IR
.
Moreover

,
VXEIR

⇒ by example 2) and Thm 17.5


