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Week 6:

Homework 5 (due Sunday, February 14)

Today: Uniform continuity  
> Q&A: February 12

Next: Ross § 19

@



Inverse function

Def 18.9 Function f :X→ Y is Callet one - to - one (or bijection )
X, # X2 ⇒ f-(x . ) # flxz )

ifflx) -_ y and V-yc-YJI.xeXS.t-fkt-yy.me
;

""" P
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' Ë ] " " ' " " °""- °"

Sin :[ 0, T) → coin is not one - to - one

]
à •

sino ) - Sink ) -- o

Def 18.10 1-et f :X → Y be a bijection ,
y = f- (X)

.

Then the function ËYNX given by ( j' (g)⇒⇒ f- (x) --y )
is callet the inverse of f

.

Inparticular-f-tfflxD-x-f-f-IYD-ytxamplem.si: EEE ] → Elin ,
Siri

'
= arcs in :[-1in → [ - E. ¥ ]

• f :[o.to) → lois) ,
f- (x) -- Xm

, f-
t

:[o.to) # go.to )
,
f-
'

(a) =xtn-fx.tffisstricttyincreasingldecreas.ing) on X ,then f :X n' f- (X ) is

a bijection



Continuity and the inverse function
Thm 18.4 1-et f be a continuons strict ly increasing function

on some Internal I
.
Then E- f- ( I) is an Internal and

f-! j' → I is
proof i f

"

is strictlyincreasingitakeyi.pe J , yiayz
Denote x. = -t' lyi) ,

a = Ilya ) . Then
If x

, zxz ,
then

2 j is an internat : By Cor
.
18.3 Jiseitheran or

a Since f is strict lyincreasing ,
J is an

3 l 2 -



One - to - one continuons fonctions

Thm 18.6 1-et f be a one - to - one continuons function on an

internal I . Then f is or

17¥
.

I If a < bac then éther or

Otherwise
,

or

1f f- (b) > max {Hal , f14 }
,

chasse

Then by Thm 18.2

Similarly when f- (b) < min { Ha ) , He) } .

2 Jake any aocbo
.
If Hao) c Hbo) ,

then f is on I.

3 Similarly ,
if f- (a.) > Hbo) ,

then f is decreasing .



f- (b) - - - - - - _ . . .
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Uniforme continu ity
Def

. (Continuity on a set ) Function f is continuons on SCIR

if V-xc-SV-Esozosotyess.t.la - y les ( If ( x) - fly ) la E)

Def
. ( Uniforme continu ity ) Function f is uniformly continuons

on SUR if

Example 1-et f- (x) =L .

1) H laibkloito-fisunif.cont.on-a.bz .

ft)

F" "" Then for ×

? !!! (Then

z) f is not unif . cont . on 10,13 .

Fix
o

Then
,
but



Exemples

3) f- (a) = x' is continuons on IR
,
but is not unit

.

continuons on IR
.

Jake a sequence Then

( i )

(ii )

4) f- (x) = is continuons and bounded on IR
,
but not

unif
. continuons on IR

Jake Then

( i )

(ii )



Cantor - Heine Theorem

Remark If f is uniformly continuons on SCIR ,
then f is

continuons on S
.

Thm 19.2 If f is continuons on a closed internal [a. b) ,

then

f is

Prout
. Suppose that f is ont - but not unif .

cont . on [a. b) .

⇒

Taken

and this

q
SO



Uniforme continu ity
Thm 19.4 ff f is uniformly continuons on a set S

,
and

(Sn) is a Cauchy Sequence in S ,
then #sa)) is a Cauchy sequence

PRI
.

Fix E > 0 .

| f is unit . cont. on s

z (Sn ) is a Cauchy séquence

Example
[onsider flx) = ¥ and tn = f-

.

( tn) is a Cauchy sequence ,

tn tnt (0,13
,
but fftn) = n is not a Cauchy séquence .

⇒ f is not unif . cout . on (Oil] .


