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Week 7:

Homework 6 (due Sunday, February 21)

Quiz 4 (Wednesday, February 17)

Today: Uniform continuity  
> Q&A: February 17

Next: Ross § 20
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Extension of a function

f : Ryo) → R f :[0 , to ) → [o.to )

f- (x) = ¥ ( f (x ) = Tx

• f- : IR → [ Octo )
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1-et f and I be two fonctions st
.
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We soy that f- is an extention off if tfxedomff ) Îlxt
-

_ f- (x )



Continuons extention

Thm 19.5 A real - value d function f on la , b) is uniformly
continuons on (a. b) if and only if it can be extended to

a continuons function F on [ a. b)
.

Proof (⇐ ) I is cant . on [ a. b ]
"

I is unif . cont on [a. b)

⇒ Fis un if . cont . on la , b) ⇒ f is unif. conf . on Ca , b) .

(⇒ ) Suppose f is unit . court . on Ca , b)
.

Hour to define Ila ) and f- (b)?

| Let ( Sn ) be a séquence ,
snt faits)

,
tim Sn = a. Then ( f- (Sn)) converges

( Sn) converges ⇒ (Sn) is a Cauchy séquence
"

Hlsn )) is a Cauchy séquence
2 1-et lsn ) and I tn) be two séquences , V-nsn.tn c- Ca , b)

,limsn-timtn-atakelunl-fs.it
. . sz.tn . . _ ) Then une (a , b)

,
liman -- ce ¥ tim (Hun ) ) = :L

limflsn) = limfftn) =L = : Fla)

3 f is continuons at a ( follows from Lemma 19.8 ) . Ma



Continuons extension

[emma 19.8 ( Ex .

17.15 ) 1-et t be a real - value d function

whose domain is a subset of IR .
Then f is continuons cet x. c- domA)

Iff for any sequence (xn ) in domA) 11%4 converging to xo ,
we

have limftxn ) = flx. )

Root ( ⇒ ) Trivial

⇐ ) Let (Sn) be a Sequence in dom (f)
,limsn-x.li) { n : Sn # x. } is finite ⇒ 7N An> N Sn = x. ⇒ tu > N fon ) = Hxo)

( ii ) { n : Sn # x. } is Infinite . Let (Sm) be a subsequence of ( Sn )

obtained.by removing all terms equal to x. .
Then ( Snu) is

a sequence in
domA)YUI

,
tim Snu = x. ⇒ limflsn.cl = f-Go)

Fix E) 0
.

Then I k AK > K Iflsme) - f-( x. ) ICE ⇒ Un > ne

Iflsn) - flx.ME



Exemples
1. flx ) = Sin (¥ ) is continuons on En , nabot ,

but not uniformly

continuons ou fn.cn)Kop (cannot be continuons ly extended tofn.nDIEIO.fr/x)--siznIiscontinuons on [- n , n ] 1h01

sinus
f)x) = { 7- '

"* °

is continuons on [- nn] ⇒ fisunif.cat .
|

, 1=0 on [- nan ]YO}

tant)

Prof : Area (A) ± Area (d) ± Area (A)
sine) - - - - - - - .

oclxkttz : { isinxlatlxlatltanxl -_ t' / ×

cosxc
si
et ⇒ t - si c t - cosx -_ zsinxzcz - ¥

Ne want to show that Fis court - at x=o .

Fix Eso . 1-et ( Sn) be a Sequence in f-nihilo
,

Iimsn --0 ⇒ 7N tn > N lsnl et ⇒ Un > N Il - signal a E ma



Definition of some fonctions ""

Sin
,
Cos

,
Tan

,
coton sinon - - - - - - - - - -

;¥sin
, cos are continuons on IR ,

( 0,0) Costa) ( 1,0)
n

X
,
XER

,
ne 1N

x
"
is continuons on IR for any ne EN

x
"
is a bijection from [Oita ) to [ o , to )

,

we dénote the inverse by
"

VI = În
,
x > 0

,
ne NTJ

Y a > 0 Amine NT (amttt-faktm-i.am
[et b > 0

, (qu) s -t . que Qnloito ) , qncqnn , limon -

-
b

Foras ' (a") is increasing and boundedabove ⇒ pinça
?"
= : ab > 0

Define (E)
t'

= ¥ = àb
,
a. = ,

Satisfis usual properties : abiak-ab.tk
, a.ba?--(a.ar)b

.

.
. .



Definition of some function

For any a> I the function f : R → ( o , a)
,
f- (x ) = a

"

is strict tg increasing ,
we dénote the inverse by logan

Similarly for at 10,1 ) ,
ce
" is strictly decreasing .

Usual properties hold : logaxit logan = logalxixz ) ,
- - -

Special notation : loger = logx = lnx

Example of a proof : ab ' ab! abitbz

I If bi = M . ibz-mz.m.pe µ ,
then am '

.am?=amtmzIfb--nt,a..aze(qro)
,
then a} . aÎ=(a.a.)

±

3 If b
,
= ¥ ,

bz = ¥ ,
then ahah = abitbz

4 Let (Sn)
, (tn) ,

limsn-b.limtn > bz
,
Csa) ,

Hn) increasing in

Un asnatn = asntt"
, ( sur tn) iucreasing ⇒ limas" at" - limas""


