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Week 7:

Homework 6 (due Sunday, February 21)

Midterm 2 (Wednesday, February 24)

Today: Limits of functions 
> Q&A: February 19

Next: Ross § 20

:



Limit of a Function

Def 17.1 (continu ity ) . Le t f be are at - valued function
,
dom CR

.

Function f is continuons cet x.c- dom (f) if for any Sequence

(xn ) in dom (f) converging to Xo
,
we have lim Han ) = Hxo )

( im flan ) = f ( lion xn )

÷: ¥:
suppose µ

that there is a séquence
in S for which

a is the limit . 1-et f :S → IR be a function .

We soy that f tends to L as x tends to a along S ,
or that

L is the limit off as x tends to a a long 5. if for every séquence
(xn ) in S ( )

.

Notation



Limit of a Function

Définitions 20.3

(a) We soy that f tends to Las x

tends to a
,
or that L is the (two - sided )#

limit off as x tends to a if limflx ) =L
Soria

for S = ; limflx ) =L
xnia

(b) L is the right - hand limit off at a if

limflx) =L for S = with cso . limflx ) =L
-

Saada
,

xxi
-

(c) L is the left - hand limit off at a if
-

limflx) =L for S = with cso
;
limflx ) =L

Saada x→ a-

(d) limflx) =L ⇒ limflx )=L for S =
,
c- IR

xp te Szx→ te

Iimflx) =L ⇒ limflx )=L for S =
,
c- IR

as - o Saxo - a



Exemples

1) tim xsins ) = o i

.

× → O
'

'

. .

i i
'

Jake any cso . Jake any séquence - ,

\
/

\ c

(xn) in C - c. c)Holst . liman -- o - Then Jpp#÷
x # xsin (E ) is welt - defined for all xn . -

.

,

/ l

'

'

.

.Fix E)0 .
.

'

.

.

c

'

i

.

2) limxsin (E) =/
Xd t •

Jake any
↳ 0

.
Jake any sequence (xn) in (cita ) , liman -- to .

Dénote yn = ¥ .

Then by T.9.IO



Exemples
4) flx) -- sgnlx) - {

'

o

'
-

-1
,
XLO
-

lim sgnlx ) -- I : let (xn) be a séquence ,
_

×→ 0-1

Xue (Oil )
,
liman = 0 .

Then

tim sgnlx) does not existé Take a Sequence
x»

limxn --0
,

but diverges .
Xtl

5) flx) = - ,
not defined at x - I

x - I

tim = to : fake (xn) , limxn
- I

,
xn > I

Xx pt X
- I

Fix M > 0
,

6) 1ff :S → IR is continuons at aes
,
then tim f- (x ) = Ha )

¥,

'

is continuons cet * = - ,

s""



Limit and arithmetic opérations
Thm 20.4

_

et f and fa be function for which the limit

4¥ ça ffx) and ↳ = limfzcx ) existant are finit .

Then

Sexta

( il lim (fitfz ) (x) =L ,
+ La Cii ) tim#f) (x) =L,

- La
Sexta Szxmèa

( iii ) if La # 0 and fzcx ) # O for xes ,
then fifa ¥ (x ) = ¥

Proof follows from Thm
.

9.3
,
9.4

,
9.6 .

Jake any sequence ( an) in S that converges to a .
Then

tim flan ) = Li ,
tim fzfxn ) = La .

Then

(i ) By Thm 9.3 lim (flan ) tflxn )) = limfilxn ) tlimfzlxn) =L ,
+ La

Iii ) By Thm 9.4 limfflxn) - fa Gen)) = limfilxn ) - limfzlxn ) =L , - La

liii ) By Thin 9.6 tim
,
= Ïm¥÷= É ra



Limit of a composition of fonctions

Thm 20.5

(a) limflx) =L
Saxo a

(b) gisdefined on { flx) : xes } U {4

(c) g is continuons at L
¥

Proof 1-et (an) be a Sequence in
S

,
liman = a.

(a) ⇒

(b) + (c) ⇒

Example

flx) - sinon , g (x)
=

sgn (x ) - not continuons cet 0 . Then

for xet iI) got (x) =



Important example Il

(A) Let as t
-
Then

Jake any sequence (xn ) in kilos ,
liman = 0

.
Fix E > 0

.

\ By IE 4

< By IE 4 and Thin 9.5

> Take
; limxn ⇒

4

(B) Let cest
. Then xtta

"

.
Jake x. ER ,

fake Hn) , au # Xo ,
liman - Xo

.

Then



Important example Il

(c) Y a > 0
,

xmxa
" is continuons on IR

1f a c- (Oil) , then txt IR
,
where

is continuons by (B) ,

is continuons by Thm 17.3

composition gof (x) is continuons (on IR) by Thin 17.5

ff a-- I
,
then a

"
=/ Vx

,
continuons

.

(D) Vaso
,
a# 1

, xinlogax is continuos on Coite ) by Thm 18.4

* → a
" is strict Iy increasing (asi) or stnictty decreasing ( ceci )

and maps IR to ( O ,
to)


