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Today: Limits of functions
> Q&A: February 19
Next: Ross § 20

Week 7:
Homework 6 (due Sunday, February 21)

Midterm 2 (Wednesday, February 24)



Limi+ of o Function

Def 171 (Covﬁinu;"'j). Let § be o real-valued —Fu,r\c“t(oh) clom(-F)dR.
Function & is continuous at x.e dom () W for any Sequence
(xn) W dom(f) Converging to Yo, we hove i Flan) = F(xe)

Lim £(xa) = £ (1im Tn )

Def 20.1 (LimiT of o function)
Lek SclR , o, L€ RU{-w0 4w Suppose

'u\Cx\' ‘Hl\e,f‘{ 1S oo Sc.crue.!/\ce_ n S -For w‘l\;d\ /
o is the [immit. Let £S5 R be o function.

We say that £ tends 1o L as x tends to a a\ong S ,or that
L is the [imt of £ as x tends o o afong S. ¥ o every sequence
(xa)in S ) . Nototion



Limit of a Function

Definitions 20.3

() WNe say that 4 tends o L as x
tends to a | or thal L is the [(two-sided)
it of £ as x tends 1o a § limf@E)=L

Sax 20

for S= = lim f=) =L
L0
(b) L. s the rij\n‘\-\n&hé it of £ at o
lim$(x) =L for S= w1 th c>o |im f2) =L
g 3 X% ‘oot

CQ) L. s the \e‘{i'\r\&hé mt of £ at o

limf@)=L for S= with cso. [im &)=L
S ? X2 ) ysa-
(d) limfy=L ("55\\!!\/\‘“1) L for S-= (celR
Jt 00 X2 t=°
x\m([ﬂ L & \\W\‘Hl) L for S- (CeR

X -0 S3xX= -




Exoamples

) lim xsin(£) =0 \ :
X =0 . |~
Toke oy Cyo. Take 0wy Sequence \\\\ /'/
(1,\\ in (-c,cd\oy st lim 3, =0. [hen \/iw/\
NS wEiiay
x o Xsin (%) is well-defined for ol x.. - T
Fix €>o0, \

2) lim xsin(x)=1
X o ‘ .
Take any C>0. Tole Any  sequente (X&) in (Cte), limxa = 1o

Denste Yo = 75 Then by T30



EXQ_W\ples
' [, x>0
) {10= syn(x) =] o xos
-1, X420
lim Sgn(x) =1 : let (xa) be o sequence
X+ 0* | /

e (01) | lim %n =0. Then

lim 53\/\(1\) does not exist: Toke sequence

S 2N
lim Xw=0 . but dl\lﬂfjes\

5) {lx)= == , not defined at x=1

li—v:\\*'%{—: =197 -‘Q\LQ' (1“.)1 \.\Mxh=\| Lo >\

Fix M>o

) H F:5-R s continuows at aeS, then lim £(2) = £(a)
Al . . S3X-~a
27 is continvous at x=-|

4
x- |



Limitse and acithmetic oPe_r‘cd‘l'OV\S

Thm 20.4 | et £, and f, be functions for which the limits
Li=lim £6&) and Li=lim{, ) exist and are fintte . Then

Sal-o S3xX-a

() im ()0 =L+ L, G) limEf)w) = L, L,
Syx-a Sax-a

(i) i Loto and )70 for xeS, then lim & ()= &

S3x-0 2

Prool. Follows from  Thm. 9.3 9.k 9.
Take any sgjuence, (xn) n S That converges 1o o. Then
b L) = Loy lim (xn) =La. Then
(0 BU Then 9.3 lm(F ()t £(xa)) = lim £ xn) rlim 6 @) =L+ Ly
@) By Thm 9.4 fim (£ (xa)- £ Ga) = lim Fioxa) fimfa (xa) = Li- Ly
(i) By Thn 9. lim £ lim ) L -

-F; (lh) ‘\W\ ’(z (.'In) L2




Limit of a Composition of functions
_]-hm 20.S
() lim {) =L

S3x—=a

03) S 1s defined on H\(’X)'-IQSBU{L'] =

) g s continuous at L

Prood et (:L“) be a sejuu\ce in S, limXxa=a.

(@) =
(B)+(c) =

Exomple

-(:(1)=$'\h(ﬂ\ 3(1\’: S::)V\ (1) —not continuous at o . Then
for  xe 1.3 34 (x) =



lm Poﬁom‘\' exam \D\Q I

(A)Let a>1. Then

Ta ke Gy sequence (ta) in R\hoy lim xn =o. Fix €>o.

O E)j |E 4
) BU IEL ond Thm s
® Take - lim xw =0

®

(b\ Let osl. Then X = Clake 7. e R,

-L(l\ie/ @.n\)‘ An? Xo| l‘\Mlv\"Xo, _T\'\QV\



lmPO(“\'CLV\’\' e_)(o.m\p\e_ I

(Q) Y or0 , x—o* is continuous on R
¥ aefo), then Y xeR _ where
is continuous bj (B\l s continuous bj Thm 7.2

comFosi{—ion SoF(x) IS continuous (on R by Thw 7.5

£ =1, thew CL1=| vV x : confinuous .

(D)\{ w>o OF(, X \03.,1 is confinuos on (0.t =) b‘d Thwm 8.4
1=+ 0" (s si’ric-Hj lncCeasing (ws1) of stetly decreasing (o ¢t)

ond maps R 4o (04 )



