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Week 8:

Homework 8 (due Sunday, March 7)

Today: Mean Value Theorem 
> Q&A: March 1

Next: Ross § 30

@



Fermat 's Theorem

Thm 29.1 (i ) f :(a ,
b) → IR

,
x. c- laid )

(ii 1f assumes its max f taco ) = 0

(iii ) fyx . ) *↳+ ,

" min at x. ( ⇒
Prof

. Suppose that f assumes its max at x. (otherwise fake - f)
.

1f lim ft = t'Cxo ) > 0 ,

then I do txt (x. -Si x. + S)
Xt Xo

| flxf.tk?)--f4x.spcf'YI=f4f#o) > fj so ,

so txt (xo.x.to ) f (x)- Hxo ) > 0 ⇐ f- (x ) > Hxo ) contradiction

Therefore
, ftxo ) EO .

Similor argument shows that f
'

(x. ) so Ba
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Rollès Theorem

Notation : 1f SUR then

• fec (5) means that f is continuons on S

• ft D ( s ) means that f is différentiable ons

hm 29.2
piyfe ( ( [a. b) )

Iii ) ft D ( (a , b)) ¥ 7- cela , b) st . t' (c) = 0

(iii. (a) = f- (b)

Proof
. By the maximum -value theorem (Thm 18.1 )

J x.
, yo c- [a. b) s - t

.
txt fait] f- (x. ) Effx ) Effy. )

1f { xo , yo } = {a , b)
,
then ffxo ) > Hyo ) ⇒ txt la _ b) f- Ix ) - Ha )

,

t'(a) ⇒

1f yo c- Ca , b) ,
then by Thm 29.1 f

'

(yo ) - o

If x. c- la , b)
,
then by Thm 29.1 f

'

(Xo ) = 0 DU
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Mean - value Theorem ( Lagrange 's Theorem )

hm 29.3

( il f- c- ( ( laits] )

( ii ) ft D ( (a.b)) ( ⇒ J' Ela ' b) s.tt/b)-fIa)=f'(c) ( b. a)

Prof
.

Dénote F :[a. b) → IR
,
f- (x ) = flx) - ftp.taf# (x -a)

Then f- C- ( ( la '" )

| "ésthmz « (a. b) st . f- 'cc ) > 0FED ( ( ab ) )
f- (a) = f- (b) = f- (a)

Since f-
'

(c) = ftc ) - "
=p , we get f- (b) - Ha ) = -t'Kllb-a)

DU



Mean - value Theorem ( Lagrange 's Theorem )
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Corollaires

cor.zg.li ( i ) ft D ( (d' b) ) | ⇒ zceks.t.V-xc.la - b) FHKC

( ii ) ff-0 on la , b)

1700f ( By contradiction) . ff 7 x. y c- Ca , b) st . flx ) # fly ) ,

then by Lagrange's Thm 3- ce (x. y ) s - t . t' (c) = fHt
y
- x

¥
Ba

[or29 Ci ) fige D( (ab ) )

(ii ) fég ' on Ca , b)
( ⇒ J CER snt . f- gtc on Ca , b)

Prof Apply Cor
.
29.4 to f- g :

MER



Application of Thms 29.1-29-3

1) t x. ye IR Isinx - single Ix - yl

Fix x. ye IR , xcy .

sine ( ( [ x. y] ) ,
sine D ( ( x. y ))

,
so by Lagrange 's thm

7- ce (x. y ) s -t . siny - sinx = since ) (y - x ) and this

lsiny-sinxl-lcosclly-xlely.at

2) tt x. y c- [ t.to ) 1F - Tyler Élx - yp

Fix X. y c- [ 1
,
to ) , xcy .

Letf :[o.to ) n' [o , to ) ,
f14) = tu . Then

fecftxiy]) , f- c- Dllxiy ) ) , so by Lagrange 's Thm

] ce ( x. y ) set . fly ) - f- (x ) = -t' (c) ( y - x ) , t'(c) ztr , and this

Ifly ) - ff41 = ly - x1 E Ely - x1

ya



Application of Thms 29.1-29-3

3) Axe IR e
"

? Itx
,equatityonlyatx-OLetxso.fm/=e"

.

fe ( ( [ 0 , x) )
,
ft D ( ( o , x ))

,

t'(a) = e
"

,

so

by Lagrange 's -1hm 7- cela , x ) st . ffx ) - ff0 ) = l' (x - o ) > x

( since ésé » )

1f xco
, apply Lagrange 's thm to ft ( ( [x. o ]) ,

ft Dllxio ))
.

Then Ice ( x. o ) s - t
. ff0 ) - ffx ) = éco - x ) c- x

There fore
,
tt a # o e

"

> Itx



Monotonie furetions and the mean - value theorem

Def
.

29.6 1-et IEIR be an internat
,
f. I → R

.

We soy that

• f is strict tyincreasing on I if tt x. y c- I ( xcy ⇒ flx ) < fly ) )
• f is strict ty decreasing on I if tt x. y c- I ( xcy ⇒ flx ) > fly ) )
• fis increasing on I if tt x. y c- I ( xcy ⇒ ftx ) « fly ) )
• fis decreasing on I if tt x. y c- I ( xcy ⇒ flx ) zfly ) )
Cor29 FED ( (ab ) ) .

Then

(i ) f is strict lyincreasing on (a. b) if f
'

(x ) > o for all Xt (a. b)

Iii ) f is strict ly decreasing on (a. b) if t' (a) co for all x c- Ca , b)

( Iii ) f is increasing on (a. b) if fix ) so for all Xe (a. b)

4) fis decreasing on (a. b) if ft x) EO for all x c- Ca , b)

Prof
.

Cil Take x. yelaib) , xcy . By Lagrange's thm Jcecxcy ) st .

fly ) - f- ( x) = -t'(c) ( y - x) LO Ba



Intermediate - value theorem for dérivatives (Darboux 's Thm)

Thm2 FED ( (aib))
,
x. , xzt Ca , b) ,

xiéxz
.

/
'

( i ) ft , ) Lflxz ) ⇒ Ace (film ) , f-
'

(x, ) ) 7 xelxiixz ) s -t . t'(a) = c
/

'

( ii ) ffx , ) > flxz ) ⇒ Act ( f-
'

(x, ) , f-
'

(x,) ) 3- xt (x , , xr) s -
t - t'(a) =L

Profs : ( i ) Fix ce ff434 ) , -t'lxz) ) .
A- gar )

Considére glx) = flx) - ex . Then
ga,.✓gc-cllx.im ] ) ,

by Thm 18.1 (Max - value )

] x. c- [ X. Ma ] 5. t.V-xttxi.az) gtx) zglxo )
-

a. g. ( x , ) Locgtxz ) DX
,

1

tim 91N -91kt
xz

* → ×
Lo ⇒ 7F04 xelxiix.rs/9l?I9xY#co=sxo--x ,

Similarly ,

Xo # Xr So Xo C- (xi.az )
Fermat's Them

3 GED (latin)) ⇒ g.
'

(x.1=0 ⇒ g. ( x.) = f-
'

(x . ) - c-- o ⇒ f401 = #


