MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Today: Mean Value Theorem
> Q&A: March 1
Next: Ross § 30

Week 8:

Homework 8 (due Sunday, March 7)



Fermot's Theorem

The 29.1 () £: (B9 R 1.€(0,b)
(i) § assumes its max of min at 1. [ £ (%w)=0
(i) (%) exists
Proot Suppose that £ assumes ifs max of xe (ofherwisc take -§1Y)
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so Y e (%, %43)  F(x)- ‘F[In) >0 &> L£(x)> -F(xo) contradiction

Therefore, %) 2o . Similar o.c:juvv\en‘r shows  fhat —F'[XQ)ZO Y



Critico! points




Rolle's  Theorem

Notation: |f ScR then
» {e C(S) means Thal £ s continuous on S
Lo D(S) means fhat § i diffecentiable onS

[hm 232 e ¢ (a,bY)
(i) {e 'D((oub)} = Jce(ab) sd. f'@)=0
(iii ) 4 () =£ (b)
Broot | By the moximum-value fheorem (Thwm i8.1)
3 g e fab]) st Vxefab] f(x)eHx) < £y )
\f {lo‘\joll ={a b} then —F[xo)=—Hjo) = Yxefab) £(x) =«C(&)l £'2) =0

If Yoe(ab), then by Thw 230 (40} =0
£ welab) fhem by Thw 29.4 {'(%) =0 e



Rolle's Theorem
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Mﬁ&h’V&\UQ _H\CO(‘QM (ngranﬁe's The.o(‘em)

Thm 29.%

(1) -FeC([a.b])
() fe D((a.b))

N Fce(ah) st ‘F(b)"q"‘)=‘f’(")(b’°‘)

Proof  Denote Filab12R, Fh)-= pfly_f%)_i@(x_a)

Then  FeC({a/b]) 2olle's Thee
Fed((ah) = J ce(ab) st F()=o
l—:(q)z FU‘))= '(:(Q)

Since F(© =‘Fr(c) " -F(t)-_cf(q‘ =0 | We SQJC £(b) - (=) = £y (b-a)

(A



MQQH—VOL\\AQ _Hr\e,orem (Lou:\romqe‘s _\_heorem)
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Cocollaries
Cor.28.t (i) fe D((xb))
(i) 420 on (cub)
P(‘OO'F (Bj C,QV\'\'('Q.C!(-C{'\‘OV\X , \-c 3 l.‘je (Q‘l’.)) 5.{, 'F{l)# F(‘J),
thewn \:sj Laaranje_‘s Thw 3 c.e(z.\j) s-1. —('(c)r- 'F_{‘J_ij%(zf—)—

e
O

l:} -a Cth s.1. th (0(‘)) £()=C

%
Cor 295 (i) f.q¢€ D( (a b))

(i) -(‘,:3' on (ab)
ProoQ AFP\j Cor.29.4 +to f—ﬁz

= A CelR s.t. 'F=3+C on (a,b)




APP\(COL'“OV\ of —H\W\S 29.1-29.3

IR x(\jEIR |Sih1—5|‘u~j[é\x'j\
Fir xiye R x<y. sineC([x\ﬂ)|5iv\eD((1\3))‘so by Lagranges thm
3 CE(Z’LU-J) c.t. s(n‘j—simc: Sin' (<) (j-:t) and  thws

ISiny - sivx| = lcos ¢ | 1y-={ ¢ Iy-x

2) Vl“je[h*“) IE-G\A-;:[x-j\
Fix oyellive) xey et £efote)r [oi1ee) | F(W) ={u . Then
{e C([llj-.\)\ fe D((R\jﬂ(so bj Loaravxje‘s Thm
-3 CEt (1\‘3) S.{- -F(j)“?(')():_(_"(C)(‘j—x)‘-rf(c —Z—F_I Odl\d +l’\us
l
\—H“\])-HX)I = e \j-xl L 2 lj-:xl




APP\\.COC"\.OV\ of —H'\W\S 29.1-29.3

3) ¥ xelR e+ x \equ&\(*'j only ot x=0

Let x>0, f(u)=e™ {e C([O\xﬂ, feD((on)) | -F'(u)=€“| so

by Lagrange's thm 3 ce(oix) st. —F(I)—-F(o)zﬁc(x—o)vx
(givxce ese’s) )

If %20, apply Lagrange's thm to {eC(xs1) Fe D(( o).
Then  J ce(xio) s-b. Flo)-fx) = e (o-x) ¢« -x

Therefore, ¥ x#o € itz



Mono’\'o\m‘c ‘FU.V\C_'HOV\S Omr:l Ht\e. mz&n—vu\ue Heorem

Deg_ze.é Let TcR be an inferval, £ 15R. We sy thet

e {is siricﬂj (ncreasing on 1 f Vv % ye T (x‘j > f(l)““j))
+ {is strictly decreasing on T if V x,yel (143 > ‘F(x)>‘“j)>
o fis increasing on T if ¥ xyeI (xey 3 fmefly))

« {is decreasing on T i V xyel (Juj =‘71€(1)2‘F(‘j)>
Cor29.3. e D((o.b)) Then

@) s s‘m’d\j increasing on (a.b) if f')>0 Horall xe(ab)
@) Lis steictly éecrms(nS oh (ab) 1§ {'(x)c0 Hor all xe(ab)
(((i)-{?is incrc&sihj on (a.b) f 'FI(I)ZO for all xe(aib)

) fis  decreasing on (wb) if £x9¢0 for all xe(ab)

Proog_ (i) Toke lt\je(a\bLij_ E"j Locjrov\je's fhm Fcelxy) sd
£y 50 = £ (y-» <0 w




Intermediate -value theorem Hor derwoatives (Darboux's Thm)

T"\\Y\ 29.8 -F& D((Q\b))ll\\lz&(q\b) e Xz,
(1) {'(1\)44?12) = Yee (1), 4 ) F xe(x ) st £ix)=c
(ii) -F’[Lb—Fflz) = ¥ ce (?'(x,\,nf’(x,)) J xe (xx) st F=cC

Proof : () Fix e (£F'buy F'0).
Consider Cj(l\= F(2)- <o . Then

O 9¢ C{xx3) by Thm 8.1 (mox-value)
J Ao €[ X X2 5.1 Vxelx 1) § () 2 g(x)

® 3'(1\\<o 29'(x2)

tj(n)
j(m

\ .
|1‘ L]
lim ) -900 S o (1) - 9 (%) *r
N = - & (X =
xX X, X - X <o >j > \4 E( (I.t‘S) -, 40 = Xo# X
Sl\TY\\\CA(\\ Lo+ Xa SQ Xo € ('X‘ , Xo
g |
Feemad's Thwm

@36‘3((%(11\\ = 3'('1o\=© = 3'(x°\ =f' ) -c=0 > £1)=C.
/)



