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Homework 8 (due Sunday, March 7)
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Today: Derivative of the inverse.
L'Hôpital's rule 

> Q&A: March 1
Next: Ross § 31

:



Dérivative of the inverse

f-- It J
,
f- ! j'→ I
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Suppose f- Iii , Ï : Jai exists and f is différentiable at x. c- I.

Does this imply that f-
'

is différentiable at g. = flx . ) ?



Dérivative of the inverse

Thm - 29.9
.

Let f- Ii J be one - to- one and continuons on I.

( i ) f is différentiable at x.

Iii ) f-
'
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Fix E > 0 .
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Exemples
/ . arcsin - sin

"

,

Sin :( - I. E) → C- lit ) is a bijection ( strict lyincreasing )

V-xel-I.tt/sin'lxt-Letyc-f-hl)andletxtfIziE)s.t.sinx=ybyThm
29.9arcsinisdiffentiableatyandarcsin.ly)
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. log :(Oita ) → IR is the inverse 0f amie
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l' c- DUR)
,
l' = e"

,

e
"

> 0

⇒ V-yelo.to ) log is différentiable aty

and ( log g)
'

=



Exemples
3. f : IR → (Otto ) ,

f- (x) = a
"

( a > 0 ,
a # 1)

1- 28.4

ft ) = ⇒ Axe IR f41
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. loga :(0.to ) → IR is the inverse of xmia
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L' Hôpital 's rule

Considére the limit lim fk)

Szxniagx
' at Rutte ,
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• If s.fi?gflxI=:FelRis,.!iyaglx)=:GetRlho3 ,
then

so!:

• If f- ⇐ {toi - of and Gette , - a } % | usual toots don't workF- 0 and 6--0 f-

f. g différentiable ⇒ try L'Hôpital 's rate



General ized mean value theorem ( Cauchy 's Thm )
Thm 30.1 f.ge ( faits ))

Âge DUa.by)
( ⇒ ] " la , b) set .
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L' Hôpital 's Rule
Thm 30.2 1-et aek and ssignifya.at , à .to or - a .

Suppose that f and gare différentiable (on appropriately
chose n internats ) and that ¥ç =L existes .

Then If

( i ) fiIs fut içglx ) --0
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-

"" ¥? lgixy.no
( ⇒

Proof Orly for 5- a- and for 5=+0 ( other cases : exorcise )



Proof of L' Hôpital 's rate
\ Suppose - - < L Eta

.

Jake L , al .

Liam existe ⇒

By Darboux 's thm .

either
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⇒

⇒

Take Kt ( Li
,
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By Cauchy 's thm V-lx.gl CH is ) 7- 2- c- ( x. y ) s -

t
-

(flyt - ff4) gite ) = (gly) - gtx)) -t'lz ) ⇒

If ( i ) holds ,
fake



Proof of L' Hôpital 's rate

1f Iii ) holds
,

then 7 dit (x , s) s.t.tt [x.g) clans )
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⇒
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Conclusion :



Proof of L' Hôpital 's rate
2 ff - • ± Lao

,
then

3 Suppose LEIR .

Fixe > 0
.
Jake L , =L - E ,

La = LE

(A) ⇒

(B) ⇒

⇒

Suppose L > to
. Fix M > 0

.

Jake ↳ = M
.
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Suppose t - * - Fix M > 0 -Tate ↳ = - M ⇒ ! !ç¥f= - o

ga



Exemples

I. For
any

a> 0

tim logan
X# xa

2. Y a> I and Ocde n

tim xd
x→to AT

3
.

tim sinx
=

xnio x


