
MATH 142A: Introduction to Analysis
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Week 5:

Homework 4 (due Sunday, February 6)

Today: Series  
> Q&A: February 4

Next: Ross § 17
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Comparison test

Thm 14.6 1-et (an ) and (bn) be two sequence ,
tn an >o

Then •

(i) ( Îan converge A tn ( Ibn / ± an)) ⇒ Ibn converge,
h=p

h =p

a

Êan = + a ✗ fu ( buzau )) ⇒ Ibn = taLii ) ( na hZ /

E-✗amples

:
Corollary 14.7 Absolutly convergent Series are convergent
Proof :



Root Test

Thm 14.9 1-et Îan be a series
,

/et ✗ = limsupÀ .

Then
q

h= |

( i ) ✗ < 1 ⇒ Ian
h=p
•

(ii ) x > 1 ⇒ Ian
h= |

(iii) ✗=L does not pro
vide information about the convergence of Êan

hz ,

Proofi ( i) ✗ < | ⇒ 7

limsup
"

Hani =L

⇒

Fix E> 0 . Since p < I
,

Then

(ï) 7 (nn) sit .



Ratio Test

hm 14.8 Let Êan be a Series ,
tn (an # o ) .

h =\

(i ) limsup /{÷ / < | ⇒ Ian
h →

(ii ) liminf / ET / > t ⇒ Ian
h→ on

(Iii ) liminf / aa¥ / « le limsup /EY / : not enough information .

Procol Let ✗ = limsupttanl .

Then by Thm 12.2

liminf / TE / ± limsup "Æ- limsup /TÉ /
.

( i )

( ii)

( iii)



Examples

• H ✗ > |

Ratio test :

⇒

a
o

. Ent• -2¥
h= ,

h = |

Ratio test :

Cauchy test :



Integral test
.
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Exemples

• an = -1in > 3
, [ use tnz} LE login En]

h

Root test :



tlternating Series

Thm 15.3 1-et (an) be a sequences.t.tn/anzoAanzan+D.Thenliman--o
⇒

h→a

•

PRI
.

Dénote [ au = :S ,
Ear-i.sn

.

K =p
1<=1

- a

1 ( San )n= , is
,
( San -1) n= , is

2 Hm
,
ne

Case Msn :

Case Man :

By 2 +Thm 10.2 and

Then tn ( San Ess Sinn ) ⇒



Important example
a

9. 1-et p> o . Then ¥
,

¥ concierges Iff p > |
K

PRÉ
.

De note xn = ¥ ,
s
"
= ¥

,

xn
.

X
,
> xzz - - → xn

,
(Sx ) is increasing .

Consider the sequences :

Then
-

and Kk

I (six) converge <⇒

2 (soi ) concierges ⇒

an =
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