MATH 142A: Introduction to Analysis

Today: Properties of continuous functions
> Q&A: February 9
Next: Ross § 19

Week 6:
Homework 5 (due Sunday, February 13)

Homework 3 regrades Tuesday, February 8



The moaximum-volue theorem
Def 18.3 Let f be o function ond let Acdom(f) . £is called
bounded on A if I M>o VYxeA IFmleM
Thm 181 Let £ be o function, [abJc dom(¥), £ is continuous on [a,b]
Then () § s bounded on [ab)
() 3 Zegoefoub) st Y xelab) (+(m Hl)ci(\jb))
T min volue Mo \alue
Proo{: (‘) Suf?o&e -Unujc -F is not bounded on (a, b1
> Yne N I xwefab) st 1 f@)I>n (%)
® (1) s bounded = J (Tn) st. (Tee) comverges
T.9. _
® YWk Qe Xn th = lim Xne=x e [a:b]
o~ T.Q3.%
® *relab) \-F cont. on [en bl = |f] i cont. at X

S lim () | = ()2 3N Y ks N ([ 5@
conteodicfion to G,




The moximum-volue theorem

Proof (i) Denote M:=sup{fix):xelonbl] P:‘j (), M2res

®© M=sup [£6): xeTab]) = Yn 3 1€ Lob) (M-*;\ ¢f(xn) £ M)
@ Yn (M- ek em)B! fim ) = m
® Yn (mta\mf%‘f 3 (%) 3 goelab] sit. limEn, =y,
® Yoelobl H £ is continuows at yo 3 limFlxacy = £ye)

> by Ty flge)=M = Yxelab) (i) ¢ £lya))

(Exe_rc_{s{: prove That I xeerai®) st. ¥ xe o h) (-F('xo) S-Ff'x)>
| )
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Intermediate value theorem
Thw 182 Let £ be continuous on the interval TcR. Let abeT
st a<¢h  Then
0) £ <F) and ye (H) FD) > T xe (k) st £d-y
i) (> £(5) and 3e(+(s),¢(a)) = 3 2e(ab) s.t. £E0O=y
Proof (i) Consider S= { xefaby: 15(1)>35
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®© aesS SLL‘JSZQ‘SLLP(S)SSU?[Q(\D’]‘B:I_.
= SU_\>S=: Yo e fob?

T
® YneN 3 sneS st T-F 488 % 4

Then im Sn=%Xo A Llsa)>y Af contat o 1) =limfGn) 2 y
® Define tn=min{Lti b} . ¥Ya twelabINS = ¥a £(ta) 2y
D+H
on o =0 2 FE) = ln flE) 24 o £ha) oy S %o € @b
L/



Image of an (nterval
Cor. 18.3 Let ¥ be continuous on the nterval 1. Then

‘F(I\)’: { £ xeIY 15 an interva) or « single point.

Proof 1 ¥ xe I £(2)=4o , thew £(T)=y.
® et Y1y, € f(I). Then 3 Xy mel st. '“1‘)=‘j.‘c(1’5=‘\12
Let  ye (44
I exa | than bxj Thim B2 (1) 3 xee (x, (1 )e T s.t. £l2) =y
> e (1)
v If e ¢x,, +hew ‘:\j Thwm 18.2 (if) 3 xee (mex )T 5.t £lx)=y
S e £(1).
@ Let inf f(1)¢ sup £(1) Thew ye (iv\{-?(l\\suPHI» 3 4y« F(D)
st Y2y iqe = yef(I) S L@ (inf £ sup £(3))



Exomples

) swn: (o,2m) - R

stn( (o 2“)) c-1,17] ‘
sin(1)= NS

i [ 2‘52_‘ = [-1\]J c Sin ((oaq\)

L

-1, x¢0O
2) —(1[‘|.\]—>\Q\ £(x) = sgn(1)={o  x=0
| X>9

‘F([-h\]):{'\(O(\l[

1= f(-3)< tlo) =0

But Y qe (—|,o)
{XQ("%\OBI -F(l):j\]:sb




Continuwty of S'tricﬂj nereosing  functions .
Def 18.8 Function £ s cofled
(S‘t\ricﬂ\ﬂ ‘thcr€°~5§v\j f Xey D () cfly) (‘HIBLWC(‘JD
(SJ(‘r‘\c‘r\u” Aecreusiv\3 £ Xy 9 F(x) 2 £4) (Hl) >-F(j)>
Thm 18.5 Let g be strctly increasing function on interval J

|£ 3( 3) is an infervad | thew q s continuous of 3
E(;oﬁ_ let Xoe T, Xe>inf J | Xe<sup T, TThew Smbin{t‘j(ﬂ
Cj[la)isupg(j) = T €0 s5.t- (3(_1.)—&,  §(de)c g ()
\Je_rh% the €-3 definition of contiwuity | Fix €30, g<&..
Then 3 x, Mme T st- g(n)=q)-g  q)=gXa)fe | XieXelra
Now | ¥xe (z,x) gBu)egm)eglu) = 19x) gl

o ke 8==miv\{1°-x.(11-1°5 Then | X-%.]£d xe (X A)
> [9m-ye)l2e



‘Y\\IQTSQ -Fu,V\C'tion
DQ'E 3.9 Function -{-1 X—> 7’ is colled one-to-one (or bf‘)‘euh‘on)
X F 1 = F) #F1)

fF)=y  and ane\/ Il xe X st -[3(1)=j

Exomple stn: I, TT 317 is one-to-one

Sth: [0, T) =3[0 is not one-to-oOne
sinfo) =8in(m)=9

Def 18.10 et {: Xe\/ be o b\Jcc_tmn Y =£(X).

Then the -Fuu\d:\o\r\—F Y- X SNQV\ by (-[ (§)=x& fR@)= j )

is called the taverse of £. Iln particulor £ (f)ex F @ (g) )=y
Example - st LI H0) | sin = aresing -1 (-1, T

c filore) sl00) =1, £ Tocte) s fortw) £ @)=z T

A F s s’cr\c}r\j mc,W_CxS\V\3 (Aeu‘msw\j)mn X (thew £ X2FX) 5

o bi ~&e.c::\'\o‘f\




Cov\Jc"\vm(’cu‘ and the tnverse function

Thm 18.4 et 4 be o continuous S‘trideﬁ ]V\crms'm3 function
on some tnferval T, Then J=4(1) is an tnterval and

*F‘ J-T1 is continumous and si'r(cfrhj '(ncreasinfj,
Proot ® -f‘ 'S ‘s’(r(d'l\j 'mcrzmsin«] . Take Yo g € J Yty
Denote %24 (4) | % =4 (). “Then -Ffll)=\‘j| )=y,
I X z2x \‘U'\“\ *?(1\)?-1”'11«)  controdiciion => X cx
@ Jis on nterval - Paj Cor.18.3 T is either an jnterod or
o single poinf. Since §ig steictly ivxcreqs'\v\B CJ ison intenal

@ O+ @f—T‘\W\ 8. S —Y—\ 18 contiuous on J .




Ohe - to' one Continiuous -Fuv\cﬂowr\s

Thm 186 Let § be o one-to-one continuouws function on oM

wteeval T Then s steictly increasing  or steictly decreas'm_oj on],
Proof © W aebee then either £@efk)cf) or £(c)c £(hf o f{a)
Otherwise | (8> mox {f@) Fe)y or  +(h)2min £ ()}
£ f(B)>mox{£() F(9) | choose ye (mox{fFle)) ,F(b)7
Then bj Thm B2 3 e (ab) s.t. )=y, Txe(ba) st fu)=y
= contradiction Sim'\‘m(\j whea {(h) 2w {10 £(0)y
@ lake any Qo ¢bo . |§ F@)<£(he) than £ is increasing on 1.

© = £ ¢ Flo) e f(
DL(QQ‘(\ji‘DOL} $¥(Q“)LF(H)LF(bo> 6;": ) (o) ‘3)

= £(4) 2 £he) £
= XY L&Ay (-H'x\§4 Hn}) 1) ) ¢ f2)
® Similarly 1§ F(0e)> Fbo) \than £ decreasing. @
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