MATH 142A: Introduction to Analysis

Today: Limits of functions
> Q&A: February 16
Next: Ross § 20

Week 7:
Homework 6 (due Sunday, February 20)

Midterm 2 (Wednesday, February 23): Lectures 8-16



Limi+ of o Function

Def 13.1 (Continuity). Let § be a real-valued funclion  domé)cR.
Function & is continuous at x.e dom () W for any Sequence

(xn) W dom(f) Converging to Yo, we hove i Flan) = F(xe)

Lim £x) = £ (lim 1) [ lim $6) = Fee)] | Fi)=2

X=rAo

Def 20.1 (LimiTof « function)
et SR | o, Le RU{-wtf Su.ppse |
that there is o sequence n S for which /
o s the [jmit. Let £S5 R be o function.

We say that £ tends to L as x tends to a along S ,or that
L is the limt of £ as x fends to a Odong S. ¥ o eery Sequence
(xa)in § ( i Xn =ox = |im flhea) =L ) Notation |im @) =L

59‘1,-‘7&




Limit of a Function

Definitions 20.3

() WNe say that 4 tends o L as x
tends to a | or thal L is the [(two-sided)
it of £ as x tends 1o a § limf@E)=L

Sax 20

for  S={a-c,arc)May with o o fim £=) =L

L0

() L s the r§3\n‘\-‘n&hé it of £ at o
‘\M‘H'L) =L -For S= (a c\rc.) wl+\/\ C>Q \\«M“’L) L

S 3 X4
x =>at

(Q) L is the ledi-hond limd of £ at o« f
limf@)=L for S= (a-cia) with cso. lim f&)=L

3 X=
SIQ x>0

(d) limfy=L <~>S\\M¥(1) L for S=(c¢e), ceR
APt @ X3t
im{)=L & \\M'HI) L for S= Feic) (ceR

X -0 Saxs-w




Exomples

) lim xsin(£) =0

X =0
Toke any Co. Toke oy sequence \\\ o

(o) i (-ced)NMoy st \'\MIV\:o.—\\-\;\ \/iw/\ /
o xsin (X) is well-defined Roe ol x.. VA \

r
/7

Fix €50, AN VYn> N (1l a3¥n>N

\lh-ﬁm(%:)\éklm\<£_=) lim 1nswd§9=6
2) lim xsin(x)=1
Xt , .
Take any C>0. Ta\te Any  sequente (X&) in (Cte), limxa = 1o
Dencte W = Ih Nﬂ\evx b\j T.9.10 lim Yn=0

VV\ th\n(;(“) M_Atl—) = \lw\‘im Sln(1h> = h gh;_?"_) =]



Limitse and acithmetic oPe_r‘cd‘l'OV\S

Thm 20.4 | et £, and f, be functions for which the limits
Li=lim £6&) and Li=lim{, ) exist and are fintte . Then

Sal-o S3xX-a

() im ()0 =L+ L, G) limEf)w) = L, L,
Syx-a Sax-a

(i) i Loto and )70 for xeS, then lim & ()= &

S3x-0 2

Prool. Follows from  Thm. 9.3 9.k 9.
Take any sgjuence, (xn) n S That converges 1o o. Then
b L) = Loy lim (xn) =La. Then
(0 BU Then 9.3 lm(F ()t £(xa)) = lim £ xn) rlim 6 @) =L+ Ly
@) By Thm 9.4 fim (£ (xa)- £ Ga) = lim Fioxa) fimfa (xa) = Li- Ly
(i) By Thn 9. lim £ lim ) L -

-F; (lh) ‘\W\ ’(z (.'In) L2




Limit of a Composition of functions

Thm 205

(@) lim {fx) =L

(b) sgli:qdeﬂneé on {f6):xeSTOqLYy | S”‘L‘f’“&j‘“c(") = 9L
) g s continuous at L

Prood et (1“) be a sejuu\ce in S, limXxa=a.

(Q\ = l\W\ -(:(In) = L
(5)+(0) > lim qofxa) = lim g[Fm)) = (L)

Exomple

£ = sinG), §(2)=sgn x) —not continuous at o . Then

‘(or Y& (—‘.2!_.% 30{ (x) = sSv\(s‘w\(l}) = sgn['x)— no hmit at ©



EXQ.W\ples
' [, x>0
4) {(1)”3“(1):{0  X=O
-1, X420
lim Sgnix) =1 : let (xu) be « sequence
x -+ 0¥ 1§

Xy € (OI‘> \ \\W\ XLn =0, The.\r\

Vn 15ga(xa)-1]=0 = Wm squix)=\

x—~ot

lim 53'/\(13 does not exist: Take « sequence L = (:‘_\)“
p S 2] n

HW\ Xn =0 | B\AJ(, 63«/\ (Iv\\:(—\)n‘ ((—\)“): dl\lﬂfjes\
5) )= —— , not defined at xs

xX-\

( x+| . : L 4 Lntt __2___
i\i‘f\ﬁ—.;‘—\ = t©° ! -‘Q\QQ ('lv\.)l lim X =1 | Ln>\ = ;-n_:( R T
g 2
Fix Mo AN ¥ao N ol = $o-1 ¢ & = YasN ZM bk
Y . , =R
G) £ £:5-2R s continuows at aeS then lim £y = £(a)
S3X~a
AL . , 2N
o is contineous at x=-1 = \im i:-ﬂl ;_|I-‘z= o

X -



lm Poﬁom‘\' exam \D\Q I

(A\L@-)C a> 1. Then \igf\oa-l =|=a’ [ xe a® s continuous at 03

Toa ke Gy sequence (xa) in R\Moy |, lim xn =0, Fix £>0.

L L
® By IE4  limoa’=1 =23M ¥m>M, oa"-1<¢
M -3 o0
1 e | L
® By IEL ond Thmas lima™- tim 2 =1=3M VmoH, a2,
My oe

© Take m’"‘MU\ﬁ‘-MllI - lim xw=0= AN ¥es N (—vlv\< 1.\A,%‘>
@ Y n>N (O:ML o za® )
= Yans N (—s_<cl'l"—( 4&1"—\40;%“—! <£)=3 lim ax“=\—-a
(b\ Let ost., Then x=0a" is confimwuy on R Take :LoeIR

| Lo I'. Xo A =Tn
take (ln\)‘ Ant Xo iM Xn = Aa. Then ‘\N\a =lma-a = a llMCL
Ia

{gj (A) - \\M(Ih'fo)-c => Q



lmPO(“\'CLV\’\' e_)(o.m\j\e_ I

(Q Y oor0  xe=a® is continuous on IR
It ae(0) . then Y xeR Cl1=(Jb-)x= b where b= s
gla)=b* is continuous by (BY, F)=-x is continuous by Thm i
comFosiHon SJ(JL) IS continuous (on RY by Thw 2.5

£ a=1, thew CLX=| vV x : confinuous .

(D)\{ w>o 0 [, X+ \osqx is confinuos on (0.t =) b‘d Thm (8.4
1=+ 0" (s si’ric-Hj lncCeasing (ws1) of stetly decreasing (o ¢t)

ond maps R 4o (04 )



