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Taylor's formula

1-et f : I → IR
,
f has dérivative up to arder n at xoe I.

Taylors formula :

f (x) = flx .) + fË (x- x.) + f¥ lx-x.tt - - . +f (x-xD
"

+ Rnlxo ; x )

Taylor's Thm : 1f fe D'
"

( I ) ,
fe D'

""

(I )
,
f. f- If

"

,

'

. .
.

.
f
'"

c- ( ( I )
.

then for any function YECCÎ ) ,
QEDCI )

,
txt I 44×1=10

there exists { c- I sit .

Rnlx. :X)=%ÊY f
'" " '

(g) (x . } )
"

Cauchy 's farm of the remainder term Rn ( xo ; x) = f"Ï (x- 5)" (x - x.)

Lagrange 's farm of the remainder term Rn ( ✗o ; x) = (x- x .)
" '

\



Example
LE 19 1-et flx) = (Hx)"

,

✗c- IR ,
x > - I

.

Then ( Lecture 22 )

H ne f
'"

(x) = ✗ (d- i ) - - - (✗ - nn ) (Hx )
""

Taylor's formula at x. = o :

( ltxk-ltf.at % x
'
t - - - +✗K'Ëbit Rn ( o ; x )

Cauchy 's farm of the remainder ( } between x and o)
d- n - l h

Rulo;x)=✗H"-¥ntU • (x- six = "Î?-KnÏË÷)x
For 1×1<1 l'¥ / = ± = t - ⇐ t' '

= txt i so

v

'

a - t ✗ ( x- i ) - - - ( tn) /xp
"
= : Cn ; § = /IIF / txt → txt as/ Rnloix) / ± / 1+1×1) n : n→a

⇒ Jq c- (x , i ) 3- NEN-V-kc.IN ÉTÉ < q
"

⇒ limon -- o ⇒ tim Rulo :X ) =ons' 0 h→ A

✗= ne ⇒ Newton binomial Thm ; if ✗ = - t ⇒ geometric Series



Taylor Series . Analytic functions
Def 3.1.18

.

If the function flic ) has dérivative of all orders ne ☒

at x.
.
we call the series

flx.lt#fYxo)lx-xo)+z!-fYxo)lx-xoI+n!-f'
"Yx. ) (x- ✗a)

"

t - - -

the Taylor series off at point xo .

Re-mark.sn/ffhasderivativesofallordersatxo , this

does not Imphy that the Taylor series off at xo converge >

2) If the Taylor series of fat xo converge > ,
than this

does not imply that Ë-"¥ (x- x .)
"

= flx ) (* )

Functions that satisfy (*) are called analytic
f0 ,
1=0

Example of a non - analytic function fk) =/ e-¥
,
✗±,

f
'"

(a) = o f n--0,42 ,
-- (exercise)



Com parison of the Asymptotic Behavior of functions

Def 31.19 •
_

et at IR and se { a- ,
+ a } .

For f. g : (cis) → R .

cas
,
we sag that f is infinitésimal compared with g

as ✗ tends to s
,

and write f- ☐ (g) as ✗ → s

if there exist c
'

> c and h : (cis ) → IR such that

flx) = gtx) - hlx) on ( cis ) and Iim hlx ) --0
✗→ s

••
_

et at IR and se { a+ ,

- a } .

For f
, g :(si c) →Ric > s

we soy that f is infinitésimal compared with g as ✗ tends

to s
,

and write f- ☐ (g) as ✗ → s
,
if there exist is C

and h : (sic
'

) → IR such that

fk) = gtx) - h / x) on ( sic
'

) and Iim hlx) = 0
✗→ s

• f- 01g ) as ✗ → a if -1=0 /g) as ✗ → at and f-- o (g) as ✗ → a-



Exemples
f g h

/ si = x - x ⇒ x> = ocx) as ✗ → 0

f h g

2) ✗ = É - x
?
on (0,1-0) ⇒ ✗ = olx

' ) as ✗ →+a

3) È=È . # on (Oita ) ⇒ ¥ --01¥ ) as ✗ → + a

4) # = × . # on ( O ,
I ) ⇒ j' =o( ¥ ) as ✗ → ot

5) For a > 1
, Iim = O

,
x
"
= a

"
.
×
"

ans,
on 10.1-a ) ⇒ x?Ola

"

) as ✗→ta
✗→ ta

G) Faso ,
a # I

,
Va > 0 tim b9=o ⇒ logax

-

- olé ) as ✗→ + a

✗→ te ✗
&

7) ✗ = x - l ⇒ ✗ = OU ) as ✗ → o

s) ( # + sinx) - ✗ = Ok) as ✗ → a

9) ( Ztsinx) - xxx as ✗ → a. but (Hsin>c)x is not of the same
order as ✗ as ✗→a

lo) x4x=xYl+È ) ⇒ sitx - x2 as ✗ → a



Com parison of the Asymptotic Behavior of functions

Def 3119 •
_

et at IR and se { a- ,
+ a } .

For f. g : (cis) → R .

cas
,
we write -1=0 (g) as ✗ → s

if there exist c
'

> C and B : (cis ) → IR such that

f (x) = gtx) B (x ) on ( cis ) and B is bounded on (cis )

••
_

et at IR and se { a+ ,

- a } .

For f
, g :(si c) →Ric > s

we write f- 01g) as ✗ → s
,
if there exist C

'

EC
,
B :(sic

'

)→ IR

St . ffx) = gtx) - BH) on ( sic
'

) and B is bounded on (cis)

• f-Qg ) as ✗ → a if f--01g ) as ✗ → at and f--01g ) as ✗ → a-

• We soy that f and g are of the same arder as ✗ → s

and write f- g as ✗ → s if f- 01g ) and g = Off )
assas

⇐) J C
, , Ca c- (Oita ) s.t.ci/glxlKtflx)lECzlglx)l on the correspond ing

interval



Com parison of the Asymptotic Behavior of functions

Def 3119 .
-

et at IR and se { a- ,
+ a } .

For f. g : (cis) → R .

cas
,
we sag that f is equivalent to g as ✗ tends to s

,

and write f- g as ✗ → s
,
if there exist c

'

> c

and p : (cis ) → IR such that

f- (a) = gtx ) - y /x) Iim gtx ) =/on ( cis ) and
✗→ s

•
_

et at IR and se { a+ ,

- a } .

For f. g :(si c) →Ric > s

we sag that f is equivalent to g as ✗ tends to s
,
and

write f- g as ✗ → s
,
if there exist c' < c and

j :(sic
'

) → IR such that

ffx) = gtx) - j / x) on ( sic
'

) and Iim j'x ) =/
✗→ s

• f- g
as ✗ → a if f - g

as ✗ → at and f-g as ✗ → a-



Taylor's formula
Lemma 31.20

_

et ✗☐
c- IR

,
I be a closed interval with end point xo,

/et ✗ be a function defined on I. Y c- D'
"

( I )
,
and

✗ (x. ) = ✗
'

(xo ) = - -- = y
"'
(xo ) = O . Then

41×1=0 / ( x- x. )
"

) as ✗ → xo a long Î . (* * )

Procol
.
(By induction) .

1f n -- I
,
then

✗ (x) = 41% ) t 4K¥70) /x- Ko ) , 41×01=0,44×01--0 ⇒ le /a) = OH - x . ) as ✗ → xo
a long Î

Suppose (* ☒ ) holds for n -- K- I . Consider YÉ D'
""

(I )
,

44%1=0

(4)
'

kf-14
'

/
"

Hot = - - - = (4)
""4×01=0 ⇒ y ' /✗ 1=0 / ( x -✗o )"

'

) as ✗→xoalong Î

By Lagrange's -1hm
,

for ✗ c- Î chose enoughtoxo 3- § between x. and x
K- l

41×1-41%1=4
'

(s ) (x- ✗ a) = h (5) (S - x.) (x - x. )
,
hlx) → 0 as Î *→ xo

⇒ µ (x) / ± 1h15 ) / / X- ✗ o /
"

⇒ 41×1=0 ( (x - xD
"

)
, proues induction steppe



Taylor's Formula ( local ) . Peano's farm of the remain der

Thm 31.21
_

et xoc.IR ,
I be a closed Interval with end point xo,

/et f be a function defined on I. f c- D'
"

( I )
.

Then

f1>c) = flxo) -1 (x- x. ) + (x - ✗opt - - - + f"n¥) /x- x. )"

+ 0 ( (x - Ko )
" ) as ✗ → Xo

,
✗ c- Î

17¥
. Apply Lemma 31.20 with Ux) = Rnlxo :X )

pa

Remark 1f fe D'
""

( I) and f
'""

is bounded near xo , then

f1>c) = flxo) -1 (x- x. ) + (x - ✗opt - - - +ftp.?-1x-x.)n+O((x-xo)h"

) as x → xo
,
✗ c- Î



E- ✗amples
{info = / im ✗ + 01×2 )

1) Asymptote formulas as ✗→ oxixe"
= It # + ¥ + - - - + È + 0 / x

""

) = / + tim 0¥? - x = |
✗→ 0

sin x - x - Ë + Ë - ¥
.

-

+ . . - + + ok
""

)

Cos ✗ = I - Ê + ¥ - ✗Ë + . .
. + + ☐ ( x

""

)

log (Hx)
-

- x - Êt ¥ - Êt - - - + HEI + open )

(Hx)
"

= | + F- ✗ + %x> + - -
- + ✗""j;-H" x

"

+ open )

2) Ap proximale Sin by a polynomial Pn sit . Max lsinx - Pnlx) 1<-10-3
✗ c- t' il]

Ta ke Pn = Pnloix) Taylors polynomial at o . By Lagrange's forme

/ Rann (O :X) / =/ sinlffn.FI?n+N-/1xMI(zn+-c,f-ooforn--z
⇒ sinx = x - Ë+Ë ont"]


