MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Today: Natural, rational, algebraic
numbers > Q&A: January 5
Next: Ross § 3

Week 1:

visit course website
homework 0 (due Friday, January 7)
join Piazza



Logic_ql Sjmboﬁsm

Common Iog\'co.\ connective s Example :
— ne_soct(ov\ (“not* ) A: Alice plays occordion
AN and B: Bob reads o book
vV  or C: Alie and Bob S'tQj at home
= implies CAA = -8
& i equiuo\\evﬁr +o (An"B)Y (TANBY

T3 F{tq\ mathematicol stoafement: A = p
TSP‘CO-\ proot : (A COAN(C=>CGIN N (Cn =)P>3
ADUL DI = HCwD B



Loc‘(m\ sf‘mbo\ism

Bosic rules 4or constructing proots
« if Ais true  and AR then B g drue
« the law of excluded middle: AV A s odwajs trae
Ls used in proofs by contradiction
+ rule of double negation: 7 A& A
Use words wstead of symbole  (most of the £ime)

A=B A B

A implles B A is equ(\!a\em 4o B

B follows from A A §ond only if B

B s necessacy condition foc A A s hecessary and sufficient

A is sufficient condition for B for B



Lo‘c\\'c,a.\ sxlmbo\\'s M

Think about the ‘Fo\\ow"mg statements
() = (ANRY &S AV D
() " (AVB) &S A A=D
() (A>8) & (-B==R)



Se'\', ’U\e_orxs hotation

A set ¢ o "collection of dis‘tinjufshab‘e objedts"
- o set mMay consist of auny d\'sﬂnau(g\nub\a objec.’cs

- w set is wm'c‘ue,\j determined bj the collection ot
obje.c:(:& it consists of

- o set coan be defined as o cwollection of objects
hoving  certoun propecty
{xy,2y - listing objects
[x: P} - the set of all objects x that sa‘\‘\'s‘%J propecty P

{1234sy o {n:neN oand nesy
IF S i a set | e S weans that x is on clment of S

rd S 1 15 net an element of S



Set theory notation
S|T e ’tNO ,SQJLS | 'thQV\ TCS mMmeons 't\(\o:k
each clement of T ba\onﬁs 10 S.

{hz3usicN  NcR | ReR
§Lny, Ly
De_-ﬁn(v\S o set from another set bj ss:ec,\'{j‘ms o cule
{Jr'\' nﬁN&?&\\{'(%\%(”-}

Operotions on sets

f we hove 2 sets S, 7T, then

s S\T={x: (xeSINEET)  ig the difference between S and™T
« SUT=E{x: (xeSIV(xeT)Y is the wnion of S and T
¢ ST ={x: (x€S)N (xeT)y 15 the ntersection of S and T



Selt ‘Ur\e_or\‘ notation
J
A is o oset, Sy, de A, is o collection of sets | they
U Se={x:xeSa for ot leatt one e RS
e

S T
N S¢ = {x: xe Sy Loc ol we @(}
AESA ’ S\V

Examples S={12u 6y T={u3s] -
GNT={2,4.6] ‘.’ <OT
SUT={123uT 6]
SOT = {1} S
: : ST
Emp‘\j st is the et with no clemends @ @

S:X\\'Z\B‘] S T

) SOT= ¢
M= {45 6} O Q ST = ¢




NOC\iuu‘rm\ nun be_rs

We ossume that we know what natural numbers are:
numbers we wse to count o\ojeds,
{23y y=N
Peans Axioms:
NA. [eN Eprss
N2. heN = niieN
N>. For ouny neN], nrl=l is folse
N4 (moe NYA(met=nt) =5 m=n
N5, ScNAleS A (heS>neS) = S=WN
Dr\oper’cies NA —=NS  define N u.vx{clue\j.



Pr(m(P\e of mothematical induction

let P B R, be o list of stotements that Moy ©F may not
bQ. '{',('LA-Q._‘ T\\e‘n

(1.) P is true oll statements P 9, R ...
=
(1.) Pnistrue = Py s true ofe true

(T) basis of induction (I:)  wduction step
NS. 5CNI\I€SI\(heS=>h+\eS) = S=N

Su??ose that (T(\ and (T.) hold. Define
= S_h&N 2 Pa is Aruel

) fies \ 2 g nd &
(T2) = (el = o 66.5 — —

all stotements BB, ...

oue frue



Example

Prove that —E:r feed X>-1 and for any ne N
(+x)"2 1+ nx

Solution: Fix x>-t. Denote Pn: "(1x)"2 ttnx'.

e P Mxzirx is true ((hask ofF induction)

« Suppose that Pa is drue te., (L) z 1tnx. Then
(\tz_)m\—_- Qfl)“(\m) z () (k) = ' nx «+ X +hat 2 1 +(on)x e
By = Pav. laduction sfep holds. B3 the principle of
mothemotical  (nduction | Pa is frue Hor all ne N



RQW\O&(\L

PP(V\C(P\Q of mothematical induction wWith dffecent basis

et P“PZ‘P&(_.. be a list of stotements that ray ©F may not
be true ., et KkeN  Then

(1:7 P is true |l statements PK‘PKH Py ..
(4 # ] 1 -
(Iz\ Pa s toue D Pany 1s true ate true
foc ol N2k

Proot  Detine Pn’= Pkt |

neN\ and Cxﬂ)\j the P(‘ihc;p\e of
mathe matical induction fe P, Py P_;(

EX&M?\Q Pro\(e_ t\'\ab‘(:\or all Y\EN\ neo [+le'+q—:%—1—--.+(—\_v:7ﬁ,'\_

oslation PrIvfU is false. Pt g vy is teve. B n22
Sol R I P

N R L T U2 Ao ( =Jn’-+v\+\
& gt +(;\>W»\'Ur\ev\ I+ &+ *(\“*mgfmm = 7T

nducthion &\'eP s frue . Peinct ple of moth. Jnduction implies the el



lnteqer ond o tional numbers

Z=NUkn:ne NjuUloy= 4o 1-1,2,-2,...7 'm*eaer N, bers
¢ F

— et

@::{%: (M.v\el‘),\(h#o)ﬁ cotional Nnumbers

@\\OL] \s cloted with (‘esPec:k to four arithwmetic ogercd'\'o\'\s
Are  tThere a.ny other numbers 1

Cowncidec Po\jv\omiod ec‘ouc(on 5t=2,

@'5)1'2'—*0 PRAN £ix)

()= =x2-2




Algebrotc numbers

Defintion 2.1 (A\Sebrcu‘c hu.w\be.r)

A number it called o.\aebrm'c_ F 1t sofisties a polynomaal
equa{iow Cad 4+ Cay X+ £ G (X tCe = O | where Co.o Cn ore
\ntegers and nel.
Remaclk  Rotioral numbers ore algebraic numbers . Hfor c:i:%
folke 0=1 Co=-L 1= | giving the equation £z -L=2

Exomples of &\Sebm\'c. nwm bers :

Yz T =17

2 x=2

P

T 2
{24246 (G-2)'-2) -2= 288 0x “j6xt+2 =0



(2 ¢ Q

Theorem 2.2 ( Rotional Zeros T heorem )

Su_ﬁ;ose_ that C,ci, ... cn ore ‘(M'ejers ond r is o rtions
number SQJr\‘s(:j(v\S the polynomia) equertion

CaX #Cha X # - + CxrC =0 (%)
Let - C% wWhece € and d ore ivx’\‘eje_rs \\m/(nj N comwn o,

Then C divides G and d divdes Cn.

( C—% solues &) = ¢ divides Co o diuides Cv\)

P(‘oo“‘. N PPQQ‘E . B
C,Q("O“Qfg : H: C SQ'HS’H?S o= 0 , then e Q.
Proot . Let ¢ be such thet r-2=0.  re @, then bj Thw 2.2,

cef{tz-t-2y [f e dua-t-z)) thew Rl e (129 0P-240,
Con+r0é:c+(ovw\ c¢ Q )



