MATH180C: Introduction to
Stochastic Processes Il

Today: Birth and death processes.

Next: PK 6.5

Week 2:

» homework 1 (due Friday April 8)
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Question ®

In o certaun FOFU\L&‘{:(OV\ each (ndividual

Au,r{r\j Ny (small) time (ntervol of lu\jﬁn h
cdi\les o birth to ohe new wndividuad With
Pr‘obub'tlithj jsh+o(h§, (néeFe_ndenH\j of other
members of the FDPU\\Q‘HOV\. All members of the
PoFulod'ion ive Horever . At time O the
_FoFuLQ‘\:l'OV\ consists of one tndividuod.

What s the distechution on the size of the
\DOPuLa‘tiov\ ot a j'u!eh time t(?.



The Yule process
Let X¢ ‘t_;_o, be the size of the FOPU\OL'HOH at time t
Xo=1 (start from one common ancstor )
Com?utb. Pald)= P(Ke=n \Xo=\>
H  Xe=n | then du.r(nj o time (nterved of [eng‘tbl h

) P (X =1 [Xe=n) = nph + o(h)

2 (5) P(Xt‘_k:h\)(t:h\: \-n(s\\ ro(h) h—o

() P (Ko > P I Xe =)= o(h)

/O-lv\k n (ndiv. 8‘\\12 0 births
(‘J) P(O bu‘t‘ns |X{=h\ = d- F;hi— O(k\) = |—nﬁh+o(h)

(&\‘(b\,(c3 =) <><'t‘>’c2o S oo Pu.re birth Proc_o.SS weth rotes )\y\.«_\r\l}

{Pn('l’)ﬂ satishles e system ot differential equations
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The soame Sjsfem with  shifted (ndics
E\ ((’.) = Pb (t) ; (4) = Ph_\(%) with A = P(nn>

Pn(t): >\o"'>\n-\ (Bon ﬁ)\_tf - -+ Bpn /\h{-> e - >\v\\ = [b nl
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Pure deqth processes

Puwe, b rth P(‘OCQSS

.An\ ‘)\y\

@“@”\@W RoNol:h

What f the choun noues n tha o‘aposrte dicection !

\ /A-l_ /03 Q@ n \ PV\
P\ua deoth Proce,SS ‘.
~ ex‘:ohzm‘[’f&( Scjoumf\ +times wth  rates /A
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Pure death processe S

\V\—P(m"tes\-mal de.Scri P‘l:\'ow !

Pure death process (Xt)ho of rates (/1 ﬁ:. (s o
conkiurows time MC ‘ta.kmj values tn {0 Lz = Ny N

(stq‘b'z O is OBSOfbmj> with S-hrl'(omr7 trcinte s tmold

tronstion Frolaa bt {j funchons
O Rue (h) = pch v o(b) v=ipm
&) P (t\yl-p heo(h) oy
(<) P\L) (W)= 0 Jor J>|L.
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Sojourn time / jump description:
J J ) N

Pure death F(‘oceS.S of rotes (/Jq;)[i\ IS o r\om'ncre&s(nj
Cight-continuous process 'to.\(_iv\(j values < {01, ...y N

« with Sojourh times S, S, S+, ..o, Sw be_(nj inclefznden'l'
eK-POheV\‘HOL(— cN.S of rates /U‘,}le--\/hd ond
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Differential equq‘hom for pure death BRO@SSeS
Dettne P (€) = ‘P(Xt'h \X N) distribution of Xy
t S'\'ur*hnj wn State N

(o), (5) (<) (th‘es (check)

}* Pﬂ {'\ /J-m\ Phﬂ {') $for n=0_. N-\
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Solve recwrsive [\1 R (t) = e—/wt — P () > - > B, (#)
Genrecal solution (assume /\1;4; ).AJ'
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o _ '
Linear death process [ Discussion section )

Similar to Nule process :
deoth rote is Propor't(ovnuL to thu size of the (:o]outot(oh
fkkzol\k (\\'hz_a.r &ePenéehce on k)

Ccm \Afﬂ Ph {8 o _ N-no gl
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(V\krprz-l:a{\'on of Xi~ Bin(n, et )[ Discussion section )

Consider Hu fPollouoinj chnss:l_e’c %(lL':i-..N‘ be
(.¢d. cvs, %if"l:_x‘)(eﬂ, Denote bj Xe the number
of 3;’5 thot are lg(rjcj<r thon t (\‘S.‘ is the Lfetime
of an (ndividusl . Xg =58l of thu Foq;uula‘h'ov\ at £). X .= N.
Then: §, ~ EXP (4} , (ndependant
Ly (Xt)tzo s o pure death procass
Probobility that wn individual

i ' \ e
survives to time T is e

e Probability that exactly n

mdividua s survive o £lme £ s

* ¥ _ N-"N
S, W15, Wi s, Ws (W)€ (1-2) = P(Xe-n)
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