MATH180C: Introduction to
Stochastic Processes Il

Today: Martingales

Next: PK 8.1

Week 9:

» homework 7 (due Friday, May 27)
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EXO..MP\Q,

A 3amb\cr beg(ns with o wnt amount of money and

foces o serles of Cnszan\szc four James. ln each go-me

the S&Mb{ers bets fraction P of his currant fortune
wins with Probo.b'«l.:{j 1, loses with PCOme?S\'i-j 2|
Estimoate the Prob&b;\{i’j that the jamb\er ever douwbles
the tniHal fortung.

Denote bnj zEn 2o, the 3omb(eﬁs fortune after n-th Jome.
Dencte {\/Lﬁ@, Lid, cvs POYe=tp) = P(Ni=-p) =5
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Moartingale transform
ln ’tL\eJFr‘e,V\'Ous ex&mple the stale (0 n-th Jo-me \S
P Ln- . What if we choose ancther st‘(‘o.tejjq_
Def Let (Aw)nso be o nonneqotive martingale | and
(et (Cﬂn?,o be o stochastic process with
Ch = 4w (Xe\---|Xr\—\\>. Then the stochostic process
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Moartingale transform
Prop. JLe’c Zn=Xot (CoX)n. Let Cuso bounded f 2,50

and Cu=o i Zya=o0. Then (Zu)nois = martingale
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Gombling example:

S‘tar’c { rom The intral fortune Xeo= 1, Define
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Lortune ofter n-th game with s{-ratcjxj C
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Convergence of nonneqative moctinoales
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E(X=) ¢ E(X)
Exoump\e.

An urn (n(%ial\j contains one red ball and one Greew
bal. Choote oo ball cnd return (1 to the wrn
‘to%e‘U/\Lr with cnother ball of the same color. RePaq,'t-
Denste 53 X the Fraction of ced ball afte n itecations



Exom P‘e (cont.)

() (Xh\hzo is G mo.r-Hnja[e
Denote B‘,j R the number of ced balls offec n-th (ieration

Pn= Kn- (h+2.)
Then
E(Xh1-| \x°|--'|Xn)= %r\ Qh+\ ‘ )( ) Rn
Nt3 ne3

= h+'5 (Xth ) = Sha (Kn’r (mz)Kn\ X
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N - oo
(i) Compute the distribution of Xw
P( xh' h,_,_)=’;;7\;‘\ foc Kefh2, -, ni1}
P( Ko ¢ ) =x | :c_e(o\\) = R ~Uni{o)




