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Week 9: 

homework 7 (due Friday, May 27)
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Maximalinequalityfornonegativemartingthm.LT(Xn)n≥ o be a martingale with nonnégative values .

For any X> o and me ☒

PC max Xn ≥ d) ≤ EÇY) ( i )
◦≤ n ≤ m

and (2)
PC maxxn ≥ x ) ≤ EI)

n ≥ o d

Pr¥ Ne prove ( l)
,
(2) follows by faking the limit mio.

Take the vector ( Xo , Xi , - - ,
✗m) and partition the

sample space Wrt the index of the first r.v . rising aboved
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Compute E /Xml = E ( ✗m - l ) using the above partition
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Proofofthemaximalinequality
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E- (Xm ) = [ E (✗m ✗
◦
< i. . ..

.
✗n. . < i. xn ≥ ,) ) + E ( ✗m ✗ ◦ < × , _ . . .

✗mai)
h = D

m

≥ [ E (✗m ✗
◦
< i. . _.

.
xn. . <d. Xn ≥a)

h =D

Compute E ( Xm ✗◦ < i. . . . . ✗n . , < i.✗n > ×) by condition ing on

✗ O
,
X , ,

- - -

,
✗ n - i , ✗n

:

E- (✗m ✗◦ < i. . . . . ✗n - i < d. ✗n ≥ d)
= E ( E ( ✗m

× . < i. . . . . ✗n . . < i , ✗n ≥ il
✗ °

.
- - t ✗ n ))

= E ( ✗◦ ci, . . . . Xn - ici , ✗n ≥ ✗
E ( ✗m l ✗◦

. -
- .
✗ n ))

= E ( ✗ n x.ci . . . . ✗n _ , < i. ✗n ≥ d) ≥ XP ( ✗ ◦ < d ,
- - -

, *n - i < d. ✗ n ≥ d)

Sum for all n

E (Xm) ≥ A Ê P( ✗ ◦ < d , _ . _

,
✗ n - i < d. Xn ≥ d) = XP/max ✗ n ≥ d)

h = ◦ ◦ ≤ n ≤m Mesa



Exampte
A gambler begins with a unit amount of miney and

faces a series of independent fair games .
In each game

the gamblers bets fraction p of his Current fortune ,

Wins with probability ± ,
loses with probability É .

Estimate the probability that the gambler over doubles
the initial fortune

.

Dente by Zn ,
n ≥ o

,
the gambler's fortune after n

- th game .

Denote { Yi }Î , i. i.d. r.us PCYI = Itp ) =P ( Yi -- i - p ) = ±
Then Zn = Y , _ Yz . - - - Yn

,

Zo =L

EN i ) -- (Hp) Et ( tp ) J =L ⇒ Zn is a non négative martingale
1-

⇒ PC Max Zn ≥2) ≤ E{¥ =

2
n ≥ 0



Martingaletransform
In the previous example the stake in n - th game is

p Zn - i .

What if we chose anotherstrategy ?

Def Let (Xn)n≥ o be a nonnégative martingale ,
and

(et (G) n≥ ◦ be a stochastic process with

Cn = fn (Xo . . . _ , ✗n - i ) .
Then the stochastic process

Ê Cu ( Xx - Xx - i ) = : ( C • X ) n ,
(C - X ) ◦ = 0

K = I

is called the martingale Transform of X by C

Think of • Xx - Xx -i as the winning per unit stake in K-H game
• Ck as your Stake in

K - th
game

decision is made based on the previous history
• (c.Hnas total winnin.gs up to time n



Martingaletransformp.ro#.LetZn--Xo+(c.X)n.LetCksobounded if Zx- , > o
and Ci, -- o if 2-1<-1--0 .

Then (Zn) n» is a martingale
Prof : E ( Znti / Zo

,
. . . ,
Zn ) = E- ( Zn + Cnn ( Xnti - ✗ n) / Zo . . .

.

.
Zn )

= Zn + E- ( Cnn ( ✗nu - ✗n ) / Zo , .
. .
.

Zn )

Note that Zn - Zn- i = Cn (Xn - ✗ n - i ) ,

Zo = ✗ ☐

1f Zn > 0
,
then Ci > O i

- -
-

'
«⇒ °

'

and✗
,
= (Z ,

- Zo )ci
'

-1 Zo
,

✗ n = (Zn - Zn -a) Cn
"

-1 ✗n - i

E ( Znti / Zo
,
. . . ,
Zn ) = Zn + E (Cnn (Xnti - ✗n ) / Xo , . . . ,

Xn )
= Zn + Cnn E ( Xnti - ✗ n 1×0 . . _ , ✗n) = Zn

If Zn -- o
,
then Cnn -- O and E (Zn , /Zo . .

. .

,
Zn) = o - Zn

Ba



Gamblingexamplei

Start from the initial fortune ✗ ◦ = 1
.
Define

Zn = l + (c. X) n ≥ 0

fortune after n - th game with strategie C

Then (Zn)mois a nonnégative martingale , F- (2-0)--1

⇒ P / Max Zn ≥2) ≤ £
n ≥ 0



C-ergenceofnonnegatixmartinalesthm.tl/Xn)n
≥ ,
is a non négative ( super )martingale ,

then

with probability I

I Iim Xn = : X-
n to

and

E (Xx ) ≤ E (Xo )

txamp
An urn initial( y

contains one red ball and one green
ball

.
Chasse a ball and return it to the urn

together with another ball of the same color . Repeat -

Denote by Xn the fraction of red ball after n itérations .



Examplekont.li) (Xn) n ≥ o is a martingale
Denote by Rn the number of red balls after n-th itération

Rn = ✗n - (n +2)

Then
E / ✗nul ✗ ☐ . . .

_

, ✗n ) = Xn RIÉ + ( l - ✗n) 'I
n'-3

= ¥3 (✗ n'- Rn) = £+3 ( Xnt @ +2) ✗n ) = ✗ n

(ii) ✗ n is nonnégative ⇒ 3- Iim ✗ n = ✗ •
h → •

(iii) Compute the distribution of X-
P ( ✗n = ¥2 ) = ¥,

for KE { I. 2 ,
- - - int l }

P ( ✗ • ≤ x) = x ,
✗ c- (Oil) ⇒ ✗ * -Unit [ ai :)


