
MATH180C: Introduction to 
Stochastic Processes II

Lecture A00: math.ucsd.edu/~ynemish/teaching/180cA
Lecture B00: math.ucsd.edu/~ynemish/teaching/180cB

Week 10: 

homework 8 (due Friday, June 3)

HW7 regrades are active on Gradescope until June 4, 11 PM

homework 9 and solutions are available on the course website

Today: Brownian motion

Next: PK 8.1-8.2
CAPES

:
•



Reflectionprincip.ie/-hm-.l-et(Bt)t
≥ ,

be a standard BM
.
Then

for any t ≥ o
and x > 0 (t)t≥H-≥o

PC Max Ba > a) = PC 113+1 > x)
◦ ≤u≤ t "

ist

Prud .

Let t
,
= min { t : Bt -_ x }

.

Note that Tx is a

stopping time and is uniquely determined by { Bu ,
o≤u≤Tx }

From the definition of c-× ,
Max Bu ≥ ✗⇔ Tx ≤ t

.

Then
←≤ t

=
+

P( MaxBu ≥x ,
Bt < x ) =P (Tx ≤ t ,

Bet - i>c) tix - Btx < 0 )
◦ ≤ u ≤ t

SIP { Plt≥ ≤ t ) = ± p( Max Bu ≥ x )
◦ ≤ u ≤ t

Now P / MaxBu ≥ >c) =P ( Bt ≥ x ) + P / max Bu ≥ × , Bt <x)
◦ ≤ u ≤t ◦ ≤u≤ t

⇒ P(max Bu ≥ a) = 2 PCB + ≥ x ) = PCIB c- I ≥ x ) ☒
◦ ≤ u ≤ t



Applicationoftheppidistributionofthehiltingtimetx

By definition ,
Tx ≤ t ⇔ max Bee ≥x

,
so

◦ ≤ u ≤ t

Pftx ≤ t) = PC Max Bu ≥ x ) = 2 P ( Bt ≥ x )
◦ ≤ u ≤ t

= 2 -É ↑ e- ¥ du y
u = Vtr

du =
F-do

✗

= E- I e- ⇐do
Hrt

⇒ p . d. f- of Tx fix (t) = ☒ e-
¥

. It
- %

= 2¥ t
-% e-¥

Tht
. Exit) =/É I e- Edo ,

Hrt

fix H=¥ct
_"
e- ¥



ZerosofBM_

Denote by ⊖ Kitts) the probability that Bu=o on Kitts)]
D- It

.
tts) : = P(Bu=o for some Ut (ti tts ] )

Thc
.

For any tis > 0

⊖ /tilts)=ÉarccosF¥s
Pr Compute P(Bu=O for some uectitts] ) by

conditioning on the value of Bt
.

D- It , tts) = [ P( Bu -- o for some uectitts ] / Bt = -c) ¥+É¥dx
- . ⇔

Define B) = Beau - Bt
.

Then

P(Bu=0 on It , tts] / Bt = >c) = P( B) = - x for some Ut (as] 1Bt=x )
symmetr (* *)MP

= P(Ñu= - x on (Ois ) ) =P / Éu=x on fois ] )



ZerosofBM_

Plugging A- * ) into A) gives
1- •

-0 ( tit's) = J P / Bu -_ x for some ue (◦ is ] )¥, e- da

- a

1- •

= / P( Bu = x for some let lois] ) ¥+ e-
¥
da

:
t / PC Bu = -x for some Ut (Ors))¥7 e-

¥
dx

° a

= VÉ ! P ( Bu -- x for some ue ( ◦ is) ) e-
¥
dx

Finally ,
PC Bu -- x> o for some u c- (◦ is]) =P / Max Bu ≥ >c) =P (Tx Es)◦ ≤ u ≤ s

A- [Fit e- ¥ / [ ¥-5
" e- ¥ dy )dx=¥r / ( Ix e- ¥#

+ ¥ )dx ) g-
"

dy
0 0



ZerosofBM_
w=É
1-

= t[ ✗ e- ¥1# 5) da =
¥ + ᵈy

s

ʳ!(¥yr9⇒ (*) = ¥ [¥y_ g-
"

dy = F

Now use the change of variable 2-=/I
, dy = ztdz

Fit

* ) = ¥
, _,+z⇔+z- ' Ztd 2- = ¥ / ¥ d- = E- aretan / VI )
◦ °

= # areas / ✓É )
↑ exercise

Ba

Remarks Let To := infft > 0 : Bt --03
.

Then P /To __ 01--1

There is a segueuse of zeros of Btlw
) converging to 0 .

To understand the structure of the set of zeros → Cantor set



Behaviorol-BMast-i-Thm.lt(Bt)t≥◦ be a (standard) BM .

Then

PC sup Bt = + •
,
inf Be = - a) = I

t ≥ ◦ t ≥o

( BM
"

oscilates with increasing amplitude
"

)

Prost
.

Denote Z = sup Bt .

Then for any c > 0

t ≥ o

CZ = sup
c Bt = sup c BE

t ≥ o t ≥o

By property Ciii ) ,
cBy is a standard BM

,
so it has

the same distribution as Z ⇒ P( 2- = e) =p ,
P / 2- = -1--1 - p

p=P( 2- =o) ± PCB ,
≤ 0

, sup / Btn - Bi )=o) = £ - P / 2- =o)=É -

p
t ≥o

⇒ p (2--0)--0 ,
P / 2-= a) = ! Similarly for int Bt ☐•

-120



samplepathsof-CBDtarenotdifferentiabfthm.plBt is not differentiable at zero )=l

Pr¥ .
PC sup Bt = • ,

int Bt = - a) =L
.

(☆)
t≥o t ≥o

Consider B-
+
= t Bye

.

( B- +)t≥o is a BM ( by property Civ))

By (☆) ,
for any E > o F tee

,
see such that

Pst > 0
,
Ñs < o ⇒ only differentiable if 156=0

But if 156=0 , then
for some t >o and all Ocs <t

,

which imples that for all ◦ < set
,

which

contradicts to (* ) ☒

This P( (Bt)+≥◦ is nowhere differentiable ) = I



RefIectedBM_

Det
.

Let (Bt)t≥ , be a standard BM . The stochastic

process s Bt ,
if B. (t ) ≥ o

Rt :#Bt / =L - Bt
, ,
if B (f) < 0

is called reflected BM
.

Think of a movement in the vicinity
.

of a boundary .

Ms : E- ( Rt) =

Var (Rt) = ECBÉ ) - 4=(113+11)?

Transitiendensity: P( Rt ≤ yl Ro -- a) =

= ⇒ ptlxiy ) =

Thm_ ( Levy ) Let Me -_ max Bu
.

Then ( Mt - Be)t ≥, is a
◦≤ u ≤ t

reflected BM .



Reflected BM

Ahhh


