
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 3 is due on Friday, February 4, 11:59 PM

Today: Time reversal
          

@



Stationary distribution
• 2

•
=
✗ample (Xn ) SSRW on G =

5 •

• (Xn) is irréductible •
3

• (Xn ) is aperiodic
•

4

• P is doubly stochastic i. e. E.spcij ) = 1 Hjes
Remark : if P is doubly stochastic with finite state

Space
S

, then IT =

• IT =

• Y i
,
Ei [ Ti ]=Èi )

=

• Hij jij ) =



Time reversa /

Theorem 13.2 1-et (Xn ) be an irréductible Markov

chain possessing a stationary distribution 1T
.
Let Ne☒

,

and for Osne N define Yn = ✗ N - n .

Then ( Yn )o±n±N

is an irréductible Markov Chain with the same stationary
distribution

,

and transition probabilités q ( i. j ) given by

Prix
.

( i ) By Corolla ry 10.2 (or II. I )

( ii ) [ qlj.it =
its

| [qlj.il-i.ES



Time reversa /

( iii ) [ itljlqlj , i ) =
jes

E ITG ) qlj , i ) =| jes

( Iv ) ( Yn )o±n±n is Markov with initial distribution IT

and transition probabilités qcij )
• Enough to show that for any sample path ( ii. ii. . _ , in )

Pf Yo -_ io ,
Y=i

, ,
-

,

Yn -- in ] =

• PfYo=io ,
Y=i

, .
. . -

,

Yn -- in ] = [ ✗a- in ,
X ,
-

- in - i
,
-

,
✗µ = io ]

=

=

=



Time reversa /

Hj ) qlj.it = Ici ) plij )
(v ) ( Yn ) is irréductible

Jake any i. je S .

(Xn ) is irréductible ⇒ there exists ne ☒ and i
, ,
. . . , ines

s -
t

. pli , i , ) - pli , , iz ) . - - - •

p ( in , j ) > 0

⇒ qnljii ) >t =

=

⇒ (Yn ) is

The chain ( Yn) is called the time - reversa / of (Xn )
.""

OEHEN



Time revers ibility

\ : When does the time - reversa/ have the same transition

probabilités?

Def 13.5 Let (Xn) be an irréductible MC with state

space S ( finite or countable )
,
initial distribution d

and transition probabilities pcij ) . We call (Xn )

reversible if
,

for all N > 1
, ( ✗n - n ) ☐ ⇐ nen is also an

irreducible MC with init
.

distr
.

d and trans
. prob . pliij ) .

Def 13.10 1-et (Xn ) be a MC with initial distribution

d and transition probabilités pciij ) . We soy that d and

pli , j ) are in detailed balance (satisfy the detailed balance

equation ) if for all i. j



Time revers ibility

Thm 13.11 If the initial distribution d and the transition

probabilités pciij ) are in detailet balance
,
then

X is the

Proof
[ ✗ ( i ) pliij ) =
IES

Thm 13.12
_

et (Xn ) be an irréductible MC with initial

distribution d and transition probabilities p ( i.j ) . Then

(Xn) is if d and pcij ) are in

Proj (⇒ ) (Xn) reversible ⇒ LPIXN -- j ] = H NETI
, je s

1- 13.2

⇒ dis ⇒ i. j

(⇐) By Thm B. il d is stationary ÎÎ qq.it



Detailed balance

1f ( Xn) is irréductible and reversible
,
then (Xn )

possesse a stationary distribution IT and

IT (j ) pcjii ) = Ici ) pcij ) .

It is usually easier to solve the detailet balance

equation than F- IP
.

Example 1-et G be a finite graph with no isolated

vertices
.
Let (✗ n) be a SSRW on G

,
•

00

pliij ) = ,
i - j ,

where Vi = # { j : i - j } , valency •• sa

•

Detailed balance :

•
••

Notice that vipcij )={ '
i - i

i ixj ,
so

Thus Ici ) : = satisfis the detailed balance equation .



Example
"

%Eaqgmq.gg
-

%

Consider a Chess board (8×8)
°

. • • . . .

s.by Cf U ke
and a random Knight u

.

② Yg • % Ue
that makes each permissibles.U.Y.gg % Kg
moue with equal probability .

a. ftp.qgky Le
suppose that the Knight starts , YY 4ff Gg ka
in one of the Corners .

•

a b c d e f g h

How long on average will it fake to return ?

Consider the graph with ✗ = and i -j if the

Knight can go directly from i to j .
The the Knight

performs a SSRW on G. To find the stationary distribution
count the valencia :

,
1T (at) =



lexam"

;ËÏËÏ
.

Consider random Walk on G =

Transition matrix

ç
0 Ç §

F- / E o §

§ § ☐
| ,

P is doubly stochastic
,
so

a- = ( § , § , § )

Detailed balance equation :

pljii ) = pli .;) # pli . ;) ⇒ not reversible

If IT = (¥, i - - -

, ¥ )
,
(Xn ) is reversible only if P = Pt


