MATH 285: Stochastic Processes

Today: Hidden Markov chains

Homework 4 is due on Friday, February 11, 11:59 PM



EXQmPle: OCCQSIOY\Q-\(U Dishonest Casino
Cosino has +uo dice : Faic (F) ond feaded (LY.
F: P(O)=¢
L: P()=0.5, P()=0.1 for (22
Casino  swifches the die :
FoL wth \Jrolocxbl\{\':) 0.05
LoF with Probubll\”ra 0.35
As o P\mjer You dont know which die s 1n use,

qon on\j observe Fhe number That s rolled .
SUKINJOSQ_ qou ‘\)\Qj the Gorme (coll the die) 6 Fimes

and observe LV L

Q: \{\l\‘\oi\’ IS ‘\\'\Q W\OSJ( \\\&e\j SQC‘UQV\QQ o—( d(ce, u_secl 105 9

coS\no .



H -‘ddeh MOL_F\LO\J Mo AQ\

Def 16.2 A Hidden Moarkou Mode! (HMM) is o poric of
stechostic perocesses (Xn Ya),,, whece (h) is o Markoy
cholin with stacte spoce S, ond (Xn)nae bhos a Fossf\o(j
different stote space R, ond fhe vecfor valued process
Zh=(><m\/v\) s oo Mockou choin. For 365 and xeR
The conditiona) Pro‘oovbz\\jr{es

eyg(x) =
ore called the emission ?mbmb[\?ﬂ‘es. Let p: SxS-{0,]
be the Fronsition ketne| for (Va). W js token as an
O.SSLLmE'\'EDV\ That the Fransition becnel foc (Zn) s

[P [Em\ = (11(3') ‘ Za = (=, 3)] =



Hidéeh MQ_(‘\LO\I Moclo_\

Remarlks

(1) ‘Y\ SQY\QFOJ (Xr\j 'S r\o“‘ oo Markov chain
@) Transition kernel for (Zn) does not depend

on X | this 15 net true 0 8aner&\ for Markeov
chains on  SxR

P{ XQ=10\ \/o=j°' Xl=x\ NEEETIN \/n_\ =j“_\ ‘ X\r\= Xn, \/hzjn]

—
—
-_—

—
—

ﬁ JP[ Xo =1°lX\=x\ =" Xf\"ln \\/b"jc ) T \/'\=jn’l=



EXQ,mPle: OC—CCLSIOHQ«“U Dishohes‘\‘ Cas\ho (2)
Construct oo HMM dhat models ODC

S= ) (¥») MC on S with  Fransition Pm‘oabf\{&ig
F(F'L): P(L.F):

R= , Xne R

Emission P(‘obabi\\jﬂ"es L e (V)= for all (eR

Q) ..
QL C) =
3 Le{2\3.H-T(CS

Zn = (Xn, Yn)
P zmw(d‘,p\%n—-(c@]:



The Horword c-.\qoriﬂ\m
I_Q,{. (Xh\\’hj bﬁ, O- HMM Dg_no‘\'e_

o X= (10, Ay --- IN) '“'\Q ObSQ_(‘\thi Seclue,hc_e,

° \/:(30‘3"__.'5(\,‘) the state Sec‘ue_me,
® ]P[X]= PYX°=XO\__-‘XN=1N‘1
° \Prx\7’3: XP[XQ=I'°\“'\XN=XN|\10:3"(""\/”:3”}
QF \,\]\'\QJ( \S ‘ﬂ\{ PFo\o&U\HU of (j°\tj'!-—le> Si\lQn thod
we observe (e, %, ..., x0) ?

Us'w\\c) 'H\Q o bove ho“'&‘\'-\o!ﬂ‘ we bhave o com?uﬁe
PlyIx]=

\We know that lFYx\\/] =



The forword o_\aori‘\')r\m
Direct Way of comFu‘\"mj Pl %]
P(x]=

Problem : com?u+m1‘ionm\\j infeasible ~ comefuh'ons

3rows exPonen‘\'io.\\j L£ost with N

The Jorward &\Sorijr\f\m allows o comPufre Prx3 n

Po\jr\om{m\ +ime .

Fix observed sequence X=(Xo, X, Ln), For any 3&5
ond  nefo ., N} define the probabi\ﬁrj
o(n(‘ﬁ:
thot  ficst n obsecvotions occured and the hidden stode sy



The forward a\aoriﬂm m
Then

L (J‘) =1P[Xo=1o K=, -y Ra=Xn, Xm_\:xml |y“+l 23:]

—_—
—

Now condition on XoI Kiv-==, An i Yn

_\P(Xo=1° ‘X\:1|)..., Xh':.x.,n\ \/r\’—'\jl Xn+\=xh+( IY“-\-[ =3I]

!

L evamo. 16.5 Let Z“=(Xn\\lh) be MCL(‘\LQ\I Chm.\h. —H'\Qh

-\P{Zr\+?(lh+\‘j() \ XD=1° ‘X\:L‘ oy thxn\ \/r\:\j]

-—
p—



The forward a\ﬁoriﬂ\m
Therefoce |

L (jl) T

1

and  we con CQmFu.‘Ye

PIx] =

COW\\D\Q.?KH'j O‘F 'Jﬂva 'Forwov(‘c\, a_(SoP.u"'hW\:
° do(j\)=lPD(°=I°‘ \/o=3 }=

o By *) we need ~ o?e,ro&ions to compute wn(y)

o By %) we howe do compute oLn(y) for all noy



Proot of Lemma (6.5

.\P(Zr\ﬁ"(ln“‘\j') \ XD=1° (X\::L\ R th'-x'r\\ yn::j]

\P{ XO =Xo, X\—;JL.,...) Xh=1r\|\/n=5. xn+l=1n+| \\/n+l =3I]



