MATH 285: Stochastic Processes

Today: Continuous time Markov chains

Homework 5 is due on Sunday, February 20, 11:59 PM



Con‘k'muous fime Morkov chains
Def et S be o fimte or countable state spo-ce .
A stochastic process ( Xe)o with stafe space S, indexed

bt) r\on—r\e_ﬂcxﬁxfe reads t (in the intervol [o0,0) o (Q.b]>

s colled o continuous 4ime Moackoy choin § the —Followinﬁ

two properfies hold:

(1) [Mockov property] Let Otto ¢tic-ctnce be o sequence
of times and let (i .. eSS be o sequence of sfates
such thot P[Xe=io, Xe,=4, o, Xep =t | >0 Then

Pl Re=tn [ Xey =Gy, Rtnmr = tnet | = P0Xtn =Cn | Xtaey = (amy )

(2)[Ri3h‘\—con+inu'\*j] For t20 and 6 S, if K=t Then there i

£>0 such that  Ke=i for ol set tre]



COn’“Y\uOuS fime Morkov chains

Moreover —we so.y that (Xt) s Time how\ojene_ous 53
(3) For ony 0csct <0 and states L‘JeS

POXe=j (Xs=1] = P{Xes <51 Xo=l]

Recall that 4he evolution of o discrete time MC  can be
’Fuv“:j described bj the ovxe,-ereP transition probalbilities
PTX,=j[Xe=t]= L)
For the continuous time Mockou chawns we need 4o lnow
the dransition Prohub{li‘\‘ies Lor ir\?(r\i'&dj mouny times
P (¢f)= H?[X-t=j | Xe=0]  t>9 (4ronsition Kkecoe|)

(-For Q“j Lixed LS Pt (L'(D 1S o -Fu«\d'ioh owc {>
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JUJN\P 4imes

Denote

Jo= min {120 0 Ae# KoY
Rijh‘l—cov\*inuij\'\j cif Ke=( then there exisis £>0 sit.

Ks =0 for se(o] | therefore PLJ;50 =]
Su._\?\‘)oS?_ we hove been waiting for oo jump Hor time s,
e Ji>s . How much lonje_r are we jo‘ms 4o wait !
khat is fhe condifional Probubl([U of J;>s+1 Smn J>s

Proposition 181 For sit>0 and (€ S
Pl I o> s+t L Jivs )= P(I>4]
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JLA.W\P "'HY\-QS SuFPQSQ X0=L_
(1) Dencte Ay = {Xf_&-—'i Lo« Je{o(l,.-.,z"‘g

<0

Then P[jps_}:ﬁ?[{_\!\n]
Yk \7’J'e foul .-, 2% %_-iéfo\s] (so Ji>s = Ksi ¢

H: 3|55 \_“'\QY\ 3 SIE‘:O\S] s.t. XS' 75(. ) Since Xt S
cia\r\*—co“‘rihuous | ’\'\\ere exists &£s>0 s.t. VuefS'.s'+z]
Xu#i _—n\u\ ‘\'h%(‘e exists ¥ and Vost. _6,‘3—';%{5"5’1—21
\3 2" /
and Thus Av’ does not hold | So
{3l>sscc ia AU]C

(2) V K("N AKD A\L{-l
l Fo(" Q.“ \SE{O(\,--‘Q_‘Lk XZ%_ = Xs_ﬂ ,2('_ OJ\A 2&(:{0‘\\___(2\“\3
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Ju.W\P 41mes

(3) Bj ’ﬂ\-e_ Con‘“hu\\"‘J O‘(: ﬂwz ‘Drobqbi\\“b Mea Swure
P(Js] = me A= tim PLAC)
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(L\\ Dencte B\L={ Xfﬂ_ =L for Q.ll \‘86 {Ou -y Zv'k
2_\L

C\L={X§_S=( for all je {01, -, 2" and
X5+_.L——L Lor Q,” fefon,- 2“5%

T"\Qh E>\L—3 B\Lﬂ L C\L'D CULH ‘ OLV\A

PLT>t)= IO By ]s li BB, BIT>s+t]-PLOG]= i B(G:)

Lo LS



Juump 4imes

5) BLA (PXg =0 Xenil)
PlAY =PI Y=t Xs- (., kst -0
= B[X g [ X sum = fo - PlXg = Xord] R
- (BrXs = [ Kew)
©) Semlarly  P(Be]= (B[Nt %o L])
P(Cu)- (WX;—ﬁi \XGLD (E[X;%u \Xuﬂ)w

(7) \ \P[C\L]: PIAYP(BL]) = lim Plce] = lim PlAL) lm(PfBb}

Ly Lo

F“\ﬂa\\j PLT>s¢t)= P{Ti>s) Pl 5] 2



Ex‘:one,nﬂo,\ disteibution

P{I>stt [T5s])= P[Iot] is celled the memorykess property
There 15 o U""(ﬂUQ ona-Parmmz+er —PmM('\:j of distributions
oh (o, w) that PossesSes the w\o_W\or:j\ess Fro?er\-\j_
Prop. 2.2 |f Tis o random varioble +0-\4(h3 Values in (o,%)

and if T has The memocyless property P[T>s:4 | T>s 3= PIT>1]
foc ol sityo then T is an expanentiol roandom variable with
some nfensity g>o : [E[T5q=ej‘it\bo‘ (f+ (Hﬂ?e—?’c >
Prost. Devote  G()=P[T>t]) and 60)=€ 1 Then G(trs)=G(*)6(s)
3n, st. G(BL;>>0 = 601) =(6(F,L_))no>o 3 3 gvo st ) =€
YneN G(k)=€™" V2@, 6(2)-E" (6l-e™ forted, )

G(t) is dec\*e_st‘\V\S so if () ({ Y@, 4n 7t A\t

4 ~-qt
= [iw 67 “ 4 G(E) £ lim e“t 1



ExPone.nﬂoJ dister bution

We write T~ Ex‘a(‘q\) . Here ocre some P«onrhes of
ca)«\:onen‘v(cd distelbution

Prop. 183 Let T, T, Tn be independent with Tj~Exp(q;)
(o) De_hs{Jrj _F‘:j(tj: C]jéc“tl E(T) - chJ— NarlTj 1= ?‘\T

(&) PRI set 1Tyss )= PIT >t ]

() T=minTj is exponentiod with 7T~ E\(P(c[‘f..*clh) Moreover

J PLT-T)- i R
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