MATH 285: Stochastic Processes

Today: Kolmogorov’s equations
Poisson processes

Homework 5 is due on Sunday, February 20, 11:59 PM



Infinitesimal descr(P‘Hon

Tr&ns(+{on rques ComP\e‘h\J de_‘\“trm(he ’h’\e MOL(‘\LO\I c['\a.(n\
QG What is the disteibation of X 1 IPL [Xt=j}= Pt U\j):?.
Thn 193 et (X)po be o MC with state space S and

+ronsifion  cotes C\(c‘j). Then he dransition ?robabi\(+ies
satishy Py (L) =179t o)  as 4o for (es
Ftu‘j)ﬁ‘(c.j)hou) s 420 for (4]

P(‘OO{ ,
-q)t
() petedd= PXe=3 2 BLI >t ] = el
() pulii)2 qEDE £ o)
Pelif) = Pl Xe=y)2 Pl Jiet Y=g, SL>£]=E[Y‘=3]E[s\st\sL>t \Y5)
L —‘1(\')t -cl(j\t ] ‘ _
- Pm)(he )e = Pcl.s) [l-(\~c((q’c+o({))](\-qld)’c to(t))
= P(C‘j) ci(i)\.- +o(t) = 1(6\\])’( ok

= |- 7(()% +o({)




Infimtesimal descr(P‘Hon

() We can write () and (2) os
Pe (L)F -9t ¢ 2i(6) | §iilt) 20 (k)
Pe(iy) z qUupd e sy) | s () =o(t)

-ﬂne—h - )
Ft(tl\): \-G((L)E’rg(t({) 4+ QL‘C(E) ‘ rll-f((_)zo

P (i) = ﬂ(f‘j)’c 454 (6) + ¢ (+), 2 (¢) 20

To.\(e_ ’ﬁm Sum e
I-Pt(LL)x—ZPt(l5)_\+( qlt) Z‘T(‘.J))%+Z§tj+zrm
A+L J#L

= :!ZZLJ ) + J.Z”L(‘J'(*)=° =) J_Z "l‘j (t)=o(t) 2V 7.3(#):»/@)
Remorl [n order 4o ‘\Auﬂri% oo Markov chain it s enous h .

cowm‘)ude P‘,LC‘D to first ofder tn t os Lo



KO‘YV\OC‘OTO\I‘.S Ec‘uq’h‘or\g
Recoll s po(0j) = PIX=j1Xe=0] , disfeibution of Xe
Pt ([.i)= \‘C((()t+ o({) os t-o Lor CeS

Ft(C\S)=C\(C|j§{+o(£) ay 1t -0 Lor C:ﬁ\i

Def 201 Let (Xt)t,_g be o continuous-4ime MC with stote

s\)ace S and +rou\si+\‘on cates [C\(\“J‘)](.jes _ Define the
\n-p\ni'\e.s(md Se_ne_ro_‘\'ﬁr A Si\!eh bj
ALJ—Ci(ltJ ‘ A“"‘Ci(l)"’z. 7(|J>

(-#J
Thm 202 Let (Xe)pae be o c_ohhnuous—hme_ MC with infinfesimal
3em,ro:%0r A. Let P dencte the matrix [’Pt](\-) = Pe (¢).

Then dP -P A= Apt and \0=I
/t‘Forwcu‘A /i bo\cb_uoq.r&




KO\MOE\OTO\I‘S equa‘('\'ons
P(‘QQ{Z Fix t >0 and h>o. B:j the Markov FroPer-{-j
Puk(( )= IL[X“\ J\Xo ‘-] =2 [)(X{+k'JIX£ ‘L]E (Xe= k]

keS

= 2 Pe(tik) Pulky)

vesS

From the infinifesimal c:lcsc_ri‘:'h'or\
Puk (1)) = Pe(iy ) (- Ci(j)h’fO(M) + Z_ Pe (k) ((q()h ro(h))

(L‘\l)( 61(3)) Z Fl,(cl,_ 7((4(\,](1 +o(A>

FUL\(L” Ft(tﬂ = [
[ (l‘\L) Ak\)_)k + D(h) = [P{A]L\‘ h -l-O(‘l)

‘E\:,; Ptr\n(\'.&\ﬂ% S _—5\_[ ] UDL,M

Bockward e_csuoﬂ—ior\ : [Pf)(ﬂ;n:\‘x \X°=L} =“:ZS P (X - \Xk"h] P( [XV-L}



Q- matrices and Moteix e_xponenh‘m\s

Let S be a finte set and fet Q=(ch);lje5_

oo

b Q
—ﬂ'\ﬁh ’H\Q Series Z_ % =: € \ Sefes con\fer(jes
K=o

\ Q?_ \ QZ. .
Generu\lj sfeak‘mj ) QQ ) # eQ e (‘h‘ue f Qand @, c.ommu—le>

Thm [Let @ be a matrix | Set Pt—_-etQ ~tzo. Then

() B =B R for all st (semigrowp propecty)

(i) (P)esy 1s fhe wnique solution +o fhe formard equation
f}EP‘c =R  R-=I

(1) (P is the uh{?ua solution o —he backward ec:[ua+f0V)
2P = QP R-I

(V) for k=oil2, ... (i\v‘

ot 2 Q



Q- mafrices and Mot eix ex\)ohen'l'\‘ou\s
We say that Q s o Q-matex if
0¢-Que¢o for all ies Qg zo for af 4 J Qy =o

1eS
Thm Motrix Q is a Q-mateix if and onlj W :

tQ .
P=e s a stochastic matcix foc all t20.

Three eﬂuiv&(eh-} c[escriPh'o‘ns of a continuows-4ime MC

Let (Xe) be o right-confinuous process on S (finite) , let A be a Q-mateix
(N Se nece tor

—H\Q WCO\\ON\'hﬂ COV\QH‘HOV\S ouse ewiva‘en‘l’:
(jumF and ho\d) jmhf\? chain (Yn) is a MC with P(V\j No=t) =_:—;‘—%.
and %i\IQh o= the SO\SOU-"V\ Times (Sh\ sq’n‘sfj S~ Exp (- Ai)

(nfinitesimal ) (Xe) is Mackov and  Pr(0j)=8y + A ke o(h)

‘ N
(fransition Pmba\a\\ijries} (XQ s Markov and P =€ Hor t2o0



EmeP\es

Consider (Xf)tzo -
bs)\’“'\ S:{Oll} @q 0()0,?>o
\_/

ond Sanaro:k)r

- oL )
A=|: ("3 ‘Kb,l _ COmFu"'Q_ Pt _

SR e ‘i;;}w: 1

AT @A and hus

TR, 3(—0‘"(#@“{“ ( ““‘*l"’P
.2 =R * A=I- ou(s
e K=0 \L‘ 'LT-‘ .

—(depr b

PLY=1 o0 = 7 (-7 )



EXamP\Q . Poisson process

(l:l. = )\gl.
Let (X&) be a Boisson process” 1 ‘?) 1
AN A qle) = A
./—N./‘\./\.q/—\ 1L
0 \ L 3 4 T 6 -\ >\)\ ?\ O
o - @)
ComPufo Pt(i.j) =lo 0 -AA

(Xt) 1S increas\n3 s P (C‘j):o ,jci

\NY‘H@ ’[\h‘l %rwarcﬁ e_ciuo.‘{{oh
i dPt = ! -For Ft(é‘i> :
FJC L.L‘)=Z P’C(C\K\AKL: ~>\Pt(L‘1) , Po(tlL)z |

50 ?t((‘()= éwc for all ¢




EXamP\Q_ P
. Foisson P(‘
0Cess

~For LLS
pe (0]
)= 2
- ?t((\\L)A
A
)\?E(C‘j-l)_ >\

peCt

J)

NG
'J)=0

S50 A
Yt(lﬁ
‘J) + ]Dl—/('
('d.) =
/\Pe(“'j")
 Now
(_th\rcl
er

Ak

(D] e

(i‘ /
lt’ 'J\) = )\ /\EP
l'(l'I. :
€ J)+ e kPr/{(.j) 4
)\Ft(“
\(J)"" !
rr(l\l‘ )
J)

lr\& ‘ )‘ P = -
uc t ‘Oh l. (e )\ (l‘l" | )
| ) At
C

H: PO(C‘Cf
Py (Ui o
|L*\L\_ ( ] c L
T &M i
' - Then Sua
I ) = ke
e
A&

(Q)‘t
Pt(c.uunﬂ: HA el
Peliit
A
t L(L1\ul)=Q\t)w
QLHY,




