
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 5 is due on Sunday, February 20, 11:59 PM

Today: Kolmogorov’s equations
Poisson processes

@



Infinitésimal description
transition rates Completely determine the Markov chain

.

Q : What is the distribution of ✗+ ? Pi [ ✗ t=j ] =p, ( i.j ) = ?

Thm 19.3 1-et (Xt) to be a MC with State space Sand

transition rates qlij ) . Then the transition probabilités

Satisfy pt ( i , i )
= l - qu' Itto (t ) as 1- → o for ies

pt / i. j )
= qliij ) t + Olt ) as t → o for i #j

Proot .

(1) ptli.it = Pif ✗+ = i )

(2) pt / i. j )

ptliij)
= Pi / ✗t -_ j ) E/ =

=



Infinitésimal description

(3) We can write ( i ) and (2) as

pt ( i. i )
± 1- qci ) t + Jii ( t )

,
Çiilt ) ⇒ (t )

pt / i. j ) ? qliij ) tt { ij (t ) , Sij (f)
= Oit )

Then

pt ( iii )
= t - qli ) t + sii ( t )

pt ( i. j ) = qciij ) t + Çij ( t )

Toke the sum

pt ( i. i ) + Z pt ( i. j ) =
j'+ i

⇒ ⇒ ⇒

Remark_ In arder to identify a Markov chain it is enough to

Compute ptliij) to first arder int as t → o .



Kolmogorov 's Equations
Recall : pt ( i. j )

= # [ ✗+ =j IX. =i ] ,

distribution of Xt

pt ( i , i )
= l - qu' Itto (t ) as 1- → o for ies

pt / i. j )
= qliij ) t + Olt ) as t → o for i #j

Def Let (Xt ) ," be a continuous - time MC with state

spaces and transition rates [ qu'y
'

) ] i.jes .

Define the

infinitésimal generator A given by

Hij = ,

Aii-Thmzo.2-Letlxtlta.be
a continuous - time MC with infinitésimal

generator A. 1-et Pt dénote the matrix (Pt ) ij = ptlij ) .

Then ¥17 = and po =



Kolmogorov 's equations
Proj : Fix to and h > o

. By the Markov property
• ptthliij ) =P /

✗ tu IX. = i ] =

=

• From the infinitésimal description

ptthlij ) =

• ptthliij ) - pt ( i. j ) =

=

• Iim Ptthliij ) - ptlij )
trio-

= ¥47 / ij
=

• Backwards equation : l-PNti-h-jIX.ie ] =



Q - matrices and Matrix exponentiels
Let S be a finite set and letQ-lqijliy.es .

Then the series

• Generally speaking ,

EQ"" # EQEQZ (true if Q , and Qz commute

Thy Let Q be a matrix
.

set
,

-1>-0
.

Then

( i ) Pstt = for all sit ( semigroup property )

( ii ) (Pt) to is the unique solution to the fornard equation

¥17 =

( Iii ) (Pt) to is the unique solution to the backWard equation

¥17 =

(Iv ) for 1<=0,42 ,
. . . (¥)

"

/ +⇒ Pt =



Q - matrices and Matrix exponentiels
we soy that Q is a Q - matrix if

• - Qii for all its . Qij for all i-tj.io [ Qij
je s

Thy Matrix Q is a Q - matrix if and ony if

is a stochastic matrix for all tzo .

Three equivalent descriptions of a continuous - time MC

Let (Xt ) be a right - continuous process ons (finite ) ,
/et A be a Q- matrix
I generator

The following conditions are equivalent :

( jump and hold ) jump chain (Yn ) is a MC with pH , Noï ) =
.

and given Yn . , -- i ,
the Sojourn Times (Sin ) satisfy Sn - Exp ( - Aii)

( infinitésimal ) (Xt) is Markov and ph ( i.j ) = Oij + Aij h + 01h )

(transition probabilities ) (Xt ) is Markov and Pt = et
"

fort> 0



Example

Consider (✗e) t :O À
✗ > o

, p
> o

with 5- { ai }

÷and generator

A =/
- ✗ ✗

p
-

p
] . Compute Pt

.

p
-

p
/ =/
" " P

-à -
ap• A:(Y f) [

✗ &

- tp - p
'

✗ p.pe / =
- (✗ + p ) /

- & &

p
-

p )
• A

"

=

,

and thus

a

• et # = §
.

=

=

• [ ✗+ =L / ✗0=0 ] =



Example : Poisson process

qlijtdcij
Let (Xt) be a Poisson process :

qli ) =D
.
. .

° " " ° " " °
" " " ° ° ' "

'
"

|
O -d d o - -

- -

Compute ptliij ) A =/ o o -ad - - -

• (Xt ) is increasing ,
so

'

-

.

\

,

• Write the forwards equation
"

¥17 = Pt A " for pt ( iii ) :

pt / i. i ) = [ ptliik) Aki = , poli . i ) =
K

so ptli.it = for all i



Example : Poisson process

• for icjpili.jl-fptli.IM/txj-- , poli .jp

SO
.

Now consider

• Induction : (edtptli.in/)'--edtdpt(i.i)=d ⇒

eltptci.it/)-poli.iti)=o--)C--0,thuspt(i,i+i)-lfpo(i.itk)=
e-
*

,

then

(edtptli.iiki.IM/--edtdptliiitk)-- ⇒ edtptli.int/)--



Poisson processes

I The jump Chain of a Poisson process has

a déterministe trajectory •-

•-0

By Prop .

19.2
, given the trajectory •-0

the sojourn time are independent •→

exponentiel ru . with Sk - Exp (quei))-

[ 5
,
> s ,

,
. .
.

,
Sn > sn ] = [ PIS , > si , . . _ , Sn > sn / Yo = Io ,

. . _

,
Yn -- in ] LPIY.io

,
. . .

,
Yn -- in]

Io
,
- ,
in

=

=

Propanal If (Xt ) is a Poisson process ,
then 51,52

,
. .
. are



Poisson processes
- Hernative construction of a Poisson process (with ✗0=0 ) :

•
-ake a collection of i. i.d. random variables Sk

,
Sx - Exp (d)

• define the jump times Jn = Sit - - - + Sn
,
50=0

• set Xt = n for Jn Et < Jm ,

Then Xt is a Poisson process with rate X
.

You can think about In as the times of some events
,

and ✗ t as the number of events that happent uptotimet .

Theorem 20.7 Let (✗e) +so be a Poisson process of
rate d

,

✗0=0 .
Then for any Sao the process

is a Poisson process of rate d
, Independent of { ✗ ce :O Eues }

No pro
of

.



Independent incréments •-

Given a stochastic process (✗e)tao •→

its incréments are random variables
•-0

o_0

Suppose that (Xt ) is a Count ing -

process ,
i. e.

, ( jump times = event times,

✗ + = # of events that occurred up to
time t )

.

Then for set

✗ t - ✗ s = # of events that occurred on Is ,
t ]

.

Cor
.

20.8 1f (Xt ) is a Poisson process with rate d
,

then

for any Otto < tic - - - < tn the incréments ✗tn - ✗tn- i
,
. . _

,
✗ ti - ✗to

are Independent , and each increment Xt - Xs is a Poisson

random variable with rate
. These properties unique 'y

character ize the Poisson process .



Independent incréments
proo-I.co ✗t - Xs = ✗ stat -s ) - Xs ~

• Xt
.

- ✗ to
,
.
. _

,
✗tn - ✗tn. , are Independent

Induction : Suppose ✗ +
,

- ✗ to
,
.
. .

,
✗tn - Xin. , are Independent

By Thm 20.7 ,
for any t > o the process

is Independent of Xs for ss tn/ therefore , ×; is independent of ×, - ✗ + . .
. .
.

.

×,- ✗*..
.

and for any tn + , > tn Îtnt
,
- tn = ✗ tnt , - ✗ tn is Independent

of Xt
,

- ✗ to
,
_ .
.

,

✗tn - ✗tn- i

• Independent incréments unique /y determine the joint
distribution of (✗to

,
. . .

,

✗tn ) for any Otto < - - - < tn < a

| LPI ✗t.io
,
-

,Xtriin] =
=


