
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 6 is due on Friday, March 4, 11:59 PM

Today: Poisson processes
Birth and death chains
Recurrence and transience

@



Poisson processes

I The jump Chain of a Poisson process has

a déterministe trajectory •-

Yn = Yo + n
•-0

By Prop .

19.2
, given the trajectory o_O

the sojourn time are independent •→

exponentiel ru . with Sk - Exp ( q (Yai)) .-
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Poisson processes
- Hernative construction of a Poisson process (with ✗0=0 ) :

•
-ake a collection of i. i.d. random variables Sk

,
Sx - Exp (d)

• define the jump times Jn = Sit - - - + Sn
,
Jo = 0

• set Xt = n for Jn Et < Jm ,

Then Xt is a Poisson process with rate X
.

You can think about In as the times of some events
,

and Xt as the number of events that happent uptotimet .

Theorem 20.7 Let (✗e) +so be a Poisson process of
rate d

,

✗0=0 .
Then for any Sao the process # = ✗ + +s - Xs

is a Poisson process of rate d
, Independent of { Xu :O suis }
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Independent incréments •-

Given a stochastic process (✗e)⇐ ☐ •|-O

its incréments are random variables
•- y

✗ t - Xs
,
oes < t < a

o_0

Suppose that (Xt ) is a Count ing - d I
s t

process ,
i. e.

, [ ✗ ja ,

-

- in /Xiii ) ( jump times = event times,

✗ + = # of events that occurred up to
time t )

.

Then for set

✗ t - ✗ s = # of events that occurred on Is ,
t ]

.

Cor
.

20.8 If (Xt ) is a Poisson process with rate d
,

then

for any Otto < tic - - - < tn the incréments ✗tn - ✗tn- i
,
. . _

,
✗ ti - ✗to

are Independent , and each increment Xt - Xs is a Poisson

random variable with rate ✗ (t - s ) . These properties unique 'y
character ize the Poisson process .



Independent incréments
Pratt

.

• Xt - Xs = ✗ stat -s ) - Xs - Pois ( Alt
-

s )) ( by Thin 20.7 ]
• ✗ ti - ✗ to

,
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Induction : Suppose Xt , - ✗ to ,
.
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By Thm 20.7 ,
for any t > o the process
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Birthanddeathchains
Consider a continuous - time MC with state space

5- {0,1 ,
2

, . . . } and transition rates

qli.in ) = di > o , q (
i
,
i - 1) =µi > ° , qliij ) = o if je { c- ± , }

We cà / I this process the birth and death chain
.

- all
µ ;

= o pure birth
process

- all di =o pure death process

- Poisson process is a pure birth process with di =D

Example :

kingmaniscoalescentpuredeathprocesswithpi-o.mx = ( E )

Tracking ancesfor lines back in time

E- [ min { t > o : ✗ + =L } ]



Kingman 's coalescent (E ) ({ ) ( y ) (E) (E ) (E )
•
←EFFET. . . .

Dénote T : min { t > o : ✗ t =p } t 2 3 4 5 6 7

the time to most recent common ances for .

Conditioned on ✗
☐
= N

,

1- = 5 ,
+ Sa + - -

- + SN - i
,
where

S
,
= time spent at state N

, sa = time spent at N - l , _ . .

Si - Exp ( ( E )) ,
si - Exp ( ( E

'

) ) - -
-

E- [T ] = Els ,
+ Sat . - - + Sn - , ] = + + -- - t

1-

(E)
= wYn-.y-i@IT.yt - - - + Ê=zµ÷, - +£, - µ? ,

+ - - - + f- ±] --211 - t }
Denote ( = sum of the branch lengths . Compute
Conditioned on ✗

☐
= N

,

L = N.si + (N - I ) - Sz + - - - + 2.sn - i

ELL] = NÉ, +(Nt) -
2-

(Myra)
+ - + 2- È = 2 ( l + { t -- +¥ ) = 2 log N



Explosion
et (Xt ) be a pure

birth process with di -- i?

Condition on ✗
☐
=L

. Dénote by Tn the time to reach N
.

Then TN = Si + Sa + - - - + 5N . , and

E- [ Tn ] = ¥ + ¥ + ¥ t - -
- t

a

Denote T : = -2 si the time to reach Infinity .

Then
l'=/

a

EN ] = ¥
,

¥ = < -

,
and thus BIM - ] =L

ï
We call T the explosion time . ;

- I

what happens after T ? - i

-

-

|

We can set ✗+ = a fort >T ( minimal ) !

or we can restart from another State T


