MATH 285: Stochastic Processes

Today: Long-run behaviour of continuous
time MC
Martingales. Conditional expectation

» Homework 6 is due on Friday, March 4, 11:59 PM



Coh\le“ﬂer\ce +o the ythonard dicteibution

The exact cu\a\Oj of dhe canvergence theorems Soc

disceete 4ime MC (Cor. N, Thwm .3, Thm 2.1)

Thm 22.8  Let (X¢) be on irceducible | continuous Hme MC

wilh  Fronsition  rates C‘(\Q Then TFAE:

() All stotes are FOSHNQ e cwrrent

() Some stofe s positive recwrrany

@) The choin s hon- explosive  and fhere existy o stofionary
diskcibution .

Moceover, wheh ~hese condifions hold  The 6+Q+(ohuv‘d Qstecbuchion
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Con\lerﬂer\ce 40 the yfo:h‘onar:s disteibution

Remar  There is po issue with Per(od\‘ci'\'j'- ¥pediy) o
for some tra | dhen Pk((\:\\)bo foc all >0

EXamF\Q: M/M/| queue is PosHWQ cecucrent F 0 A<
null recarrent O § >\=f*
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Martingales



Mo‘\iva.'\\no\ ey 0o P\e,

Consiée_r o 30.%/\2,: be_{ \ C{O\\C«‘-V‘ Of.hd ’i’OSS G. <Coin,
\ i you win he (-th s
B = . |
-1 \1f jou lose the 1-th foss

Lej\'_ Xh b{ ‘jou.r ‘fo{a‘ N‘(hhihS Q'F"‘Qr n +OSSQS
xh=%‘*‘52*“'*%h (SSR\M oh i, Xo=0>

Then Hor ouny ne N {E[)ﬁﬂ=é£f%;]=o (fair j&mt)

SuFFoSQ that Jou observed n  Ffosses. \What can you
S0y about the exfe_chzé uoinniv\js at time 3i\f€h That
\jou \Lhom '“\e ’h-o.;)@'hfj of X LL'D +o $ime n 7



Mo*ivoc\\nc\ exomple
For o SSRW on 7 dhe cnswer is drivial:

E[ Xhﬂ \ Xo"(o | X\=L(|.-., Xn"i.h]‘-: E[Xhﬂ \Xh=(n-}
= E( )kh—* Bsy \Xv&(n} = [:h.\ E[\PJ\\H‘-) = Lr\

S‘Im.\\&(‘l‘j . —For (LV\_j me ]N

Bl Xnem | Xo=to o, Xn=tn | = tat E[Bua Yt r ElBrim J = o
or writlen n a diffecent form
E( Xatm =X | Xe=to;.e  Kn=n J = ©
No maller what has hawev\eé +o the P\anr‘s fortute
co tar  fhe expeded net win or loss for any {ofure
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Fime is always 2ere. We coll such processes mottingales .



Conditional Q\LPQC'\'Q‘\'{QV\

Let X be o (discrete) random variable = XeSc R,
and let B be an event. Then +he conditional
eX\De_c'\'Ck'\'(OV\ s given bj E[XIB]= 2. s P(X=x1®)
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We can 3rou_E ol these events Into a new rondom veriable
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Thiok n the (ollowinﬁ N&jt Start with candom voriable X,
Then we are ji\ler\ some nformation In the form of random
voriobles Vi, Yoo thal we may observe . TThan E[XIY,, =, Yn] s

our best quess about the value of X given Vi Yo (a5 a fuwnction
of Yoo \/“)
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Suﬂﬁose that X=F(M,wi ¥n) . X is completely
determined bJ Virn Yoo What s the  best guess for  the
volue of X 31\1@\ N Ya 1T X Hself

EL XD Y] = ELFChe WY DY
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~Yn=tny

When X is o function of Vi) Y | Ne say Thot
X s measurable with \‘e_s?zcjf To Yy, Yn

Conclusiont £ X s meosurable with re.sPech o Vi, Ya, Then
EOM Y Y= R
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Conclusion: |f X and Y .., Yo are 'mdel;e_vxden‘f( then
EOX Y Y = E1R]



Exomples

LeJc Xh be. O SSR\I\] on z _T\'\er\
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Lo 1n
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= O

Alse . E(Kn | Xoyoes KoY = Kn - TTherebore
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Properjries of conditional exPecJﬂl‘h’or\

Prop 23.5

Lot X, % be rondom voriobles and Y=Y, . Yo} o collection
of random varlables. Then The following holds:

() For abe®, E[aX+bX |Y]= 0 EIXITY]+ bE[X Y]

(2) If X is Y- measarable | fhen E[X1¥])= X

@) If X i independent of Y, fhen E[X1V]= E(X)

(4) (Towes propecty) Let Z=[Z,., 2} be anclher collection of
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ond Suppose hok Vs 2 measurable V= F(®)



Prope.rjries of conditional exPecJ(OL'h'or\

Cgr 13.6 Rr*itu\ar case of ’ﬂ\e “Tower PPOFQP'\‘:S
E[EIAYYY = (X))
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= E(X]
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