
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 6 is due on Friday, March 4, 11:59 PM

Today: Martingales

@



Martingales

j-f24.LA discrete - time martingale is a stochastic process

(Xn) no which satisfis and

Lemma 24.2 1f (Xn ) n > o is a martingale ,
then

for all

msn.pro#.Fixm
. Induction

.
Holds for A- min = mn .

Suppose for some n > m
.

Then

by the Tower property

E- [ ✗nn / Xo
,
. . .

,
✗m ] =

=



Martingales
Corollary

24.3 1f (Xn ) n» is a martingale ,
then it has

constant expectation : for all n
.

Prix
.

Use the double expectation property

Example ( Betting on independent coin fosses )

Consider a game : bet dollar and toss a coin
.

✗ i
=/ I , if you win the i - th toss

| - I i
if
you

Kose the i - th toss
,

✗
" ✗ai - - Independent

Dénote by No the initial fortune
, Independent of X , , Xa , .

. .

Let Wn = .

We call Bi , Bz .
. . .
the betting strategy .

• •



Betting on independent coin fosses

Then
El /Wnt] ±

and
E / Wnti / No , .

. . ,Wn ] =

=

=

K

since W ,<
= ZXIBI

,

E- I

Wo is independent of ✗m ,

Bi is No mesurable
,

W ,
= Not X , Bi

Bz Is (Wo ,Wi) measurable , Wz = W ,
+ ✗ 2132 - . -

Then E / ✗nn / Wo , . . . ,Wn ] = ,
and

i. e.
,
Wn is a martingale



Shopping times
Let (Wn )ns.obeastochastic process .

Recall that random

variable Te { 0.1.2 ,
.. . } U { a } is a stripping time if

the fact that { Tan } holds can be determined from Wo
, .
. _

,Wn

Example of a shopping times : the first time the process hits

some set / value ,
F-

Suppose you stop the game as soin as your fortune get IF.

Then the original process (Nn) is replaced by ,

where Tan =
÷
'

"

:-,_iii. i.
-
'

"

i
.F WTNN

-

.

'

'

i. Wn
"
"
-

wn

WTAH = {



Stopped martingale
Prop .

24.5 et (Xn)mo be a martingale and left be

a shopping time for this martingale . Then

is a martingale .

Proj
,

Dénote Yn : =
.
Then Yn = ✗tant { Xo ,

Xi
,
. . .

.
✗ n } for

each n
,
so Hnl I

,
and

El / Ynl ] E

Now we heed to show that El Ynti / Yo
,
. . _ ,
Yn ] = Yn .

(1) E- [ Ynt , / Xo
,
. . _

,
✗ n ] = Yn

• Ynt , = ✗TA / nn ) =

• { Ten } on /y depends on ✗ ° . . - -

,
Xn

,
so # {Tang is

and is (Xo , . . . , ✗n ) measurable



Stopped martingale
•

{T>h}
=

.

• Using the properties of the conditionat expectation
E- [ Ynti / ✗ 0 , _ . . , ✗ n ) = Et / ✗ t # {1- « n } / ✗ a- - - , ✗ n ) + E-[ ✗ ntl #{T> n } /Xo

,
-

,
✗n ]

=

=

• ✗ T # {Ten }
+ ✗n #

{Ton }
=

(2) E- [ Ynti / Yo
,
_ .
-

,
Yn ) = Yn

• YÎ :'-( Yo , _ . . . Yn ) is In :'-( Xo ,
.
. -

,
✗n ) measurable

• Using the Tower propertyEIYni.it =

• By ( I) Et [ Efynt , / In ] /À ] =



Martingale betting strategy
Corolla ry

For any ne N E- [ ✗Tan ) = E / ✗Tro ) = EIXO ]

⇒ample ( Martingale betting strategy )
consider the betting strategy Bn = 2

"

/ double each round ) .

1-et F- min { n : ✗n =L }
,
the time of the first win . If Wo -- C

,

then
☒ [ WT / =

The event F- n corresponds to a specific trajectory
✗ , = - | , ✗ z =

- l
,
- - -

, ✗h . ,
= - t \

✗ n = I
,
so LP /F- h ] =

a

So Efwt ] = [ Et /Wn 1×1=-1 ,
_ _
.

.
✗ni =

- I , ✗n
-

- 1) En
n =L

=

Problem T can be arbitrarily large .



Optimal Sampling Theorem
-hm 24.8 Let (Xn) n>
-

-
o be a martingale ,

and left be a

finite shopping time . Suppose that either

( i ) T is bounded : 7 N < a sit
. i on

(2) (✗nhr.net is bounded : J B < • sit .

Then ENT ) =

Procol • Suppose (1) holds . By Prop .

24.5 ✗Tan is a

martingale ,
Et [ ✗Tan ] = for all n

.

Then El Xo ] =
.

• Suppose that (a ) holds ( T is not necessarily bounded )

Then XT =

First term : E- [ Xian ] =



Optional Sampling Theorem
Second term :

/ E- [ ( ✗T - ✗Tan)
{T > n}
] / ±

E

since BIT ' a ] =/
,

Therefore
,

/ EIXT ] - Et / Xo ] / =


