MATH 285: Stochastic Processes

Today: Martingales.
Doob's maximal inequality

» Homework 6 is due on Friday, March 4, 11:59 PM



Mortingales

Ded 241 A discrete - fime mar+injo_(e s o stochastic process
(XY nso which  satisfies [E[]an] ¢o  gnd
El X [ Xg, ey Xa ] = X for all n2o0

Thm 2.8 (OP'\'(OY\O&_l sa.mpling fheorem )
Let (Xn)mo be o martingale , and let T be o finite stopping
fime . Suppaose thot eithee
(1) T is bounded : 3 Nz st. P[TeNY=( " or
(2) (An)g,per is bounded: 3 Bee st PLIN[4B for al neT)=|
Then  E[X7)= E[X].




Exomple
Exomple 25| Let ()Qv\) be @ SSRW on Z conditioned 4o

dort of Xoz] for some jeforNS . (Xn) s o martingale.
Denote  Ty=min{nt Kaskl] "T=min{l, T (stepping Fimes ),
We. computed P[To<Tw] using fhe first-step analysis.
Another opproach:  use the optional sampling fheorem.

(ko) is « martingale

6 <Xne N Hor all oeneT

By “he O?Jrioncx\ S&mP\Ihj theorem  E(X+7)= Eon]“—J

Ky tokes duo valwes  so B[K)=0-P[Xg=0)+ N-B[Xy=NT]
so PlAr=N)=3 | P[Xq=o)=1-d . Finaly,

PLAr = N)= P[Ty ¢To) | PXs=0)= B{TotTw])



Exwmp le

Let Xi., Xn,.. be o sequence of iid. random variabks wit
E(Ma[Jeo , EMX]=p focallo, and denote Sniz Xibos Xn

and Mn 1= gvn.}& M.:=0
Then  E[IMnl] ¢ ZEUX |]+n/¢ < oo

B[ Mon [ Mo, M“]-E:[ M+ e = | Moy Mn ) nz |

= Ma + E[Keei-p7) = M

ECMIM = E(MY=0=Mo . (Mn) is o martingale .
Let T be a bounded SJ(OFP'\V\S +ime  Hor ()(h) (aml for (Mn‘)).
Then b‘j 1he O‘)‘\’\or\a‘ sampling heorem

0= &[Ml E(Mr)= E(St-T p) = E[ZX] E(T)

Theredore,  E[ PASUE RE(TY

(=1



Sub martingales /5 u,permar+{nqm(es

A stochastic Froce_SS (Xh\ Is called
o subma VJF\I“jo‘\e‘ o E(Xen W Xer Kn Y2 X,y Hor all n
o su\warmmr'\'\'hgc&\& dE Xen | Xoy--ry Kn1& R for all n

ELIXnl] < =

We wse (swb) mur‘q‘(naq\es 4o ectablish the moximal

‘\f\?-ﬂb{og\i‘\'\.ts. Recall the Markov's inec]uq(i+j - Yaso
P Ix[2a) ¢ X

o

I F&r\"\cu\ar Cf (Xa) s o submartingale ond Kn2o hen
E(Xd) E(Xn])
o

o

{or oy Lén P{X 207 ¢

ln fact @ ercov\jq“ stotement holds .



Doob's maximal '\nequos\{‘H
Thm 253 (et (Xh) be o hOh-—hejo\—H\le Submar{—}njq\e.

Then for ony a>o
E(%n])
Pl max {Xe - XnzaJ & —=
P(‘oo‘(:_ Let T:= min{n‘.Xn’—&z] | o 5+°PP“"3 +ime
Avi= [T=kl= {Té\ég\ {Tek-1y s (Xo,._.\Xm)— measwrable
Cince ano\ E(-Xn}?_ E[ Xn ’1\_{—\-5“3-\ =2 E (% /“{-\':\473'3
k=0

B[ XnDp )= B[ EL AR A0\ Yo K] =E(1,, E[% \Kopmr. % ]\
SM

= E[ Ta, X‘L} = Hﬁﬁ:\de}z E( /ﬂ{“\'=k5 Q.—) =Q[P[T: L)
E[Xh-SZ i O P[Tt\i} = Q- E[Téh}

ElTen) = PLmox {Xorw, Xay 2o )



Doob's maximal '\ﬁequo\\{ﬂ
Lemmo 25.4 Let (Xv\\ be o MQF‘\'injm\C ' ond Iﬁ-t -F‘R-e“z

be o Convex -funcﬂon such fhat EH‘F(XOHLN foc all n.
_H\Qr\ Nn = ‘F(XY\\ 1S O Submq(‘\'injq‘a.

Prood Exercise.

Coro\\ark‘ 25.S et (Xﬂ be o W\Q('\'ihja\el let r21, ab2o.

The r
i U) E[ max 4 Xo,---, An} ZQ.) < Erlﬁ:\ J
E[ ebﬂh}
(“) EY W\Q\’\{Xop--l)(ns 2&} 4 —
e

Pr‘oo‘g _ \? rt21, ‘H’\zh —F(’L) = |x|" S e onvex —Rknc‘hon,

ng Lemmoa 25.4 (‘X“\T) S O Y\OV\-—Y\e_joc\"\\fL 8\xbv\/\ar¥\n3q(q,



Doob's maximal \nequ&\iﬂ

Fix aso. [f Xez2a  fhen IXel 2 0 Therefore,

Pl max (Xo,.., Kn§2a] ¢ P[ mox{ Kol om \%a)"§ 2 o
£ Xal")

Thc second ineﬂual\‘b 1 SJ(‘O\IQ(/\ us\hj a Similac mrju_men‘f.
]

EXQmP\a 2s.¢  Let X, Xz... be i.d. sjmmeJrr\‘c_ Be cnow (il
rondom variables  Se=o, So=A-vKn . (Sn) s & moactingele.
Take (i) in Coro\\arj 255 wth b=F a=dm  so that

Pl mok(Gere Sy 2 um] ¢ € E[™) <& B[]
Now ﬂ:_[ esh/m] } (E[eh/«\])ﬂ__ (_‘z_ (C%T,er-/%h))n_} ev,_'n’)oo =)E[CSW‘]SC,
There fore, for any N ﬂ){mc\%{So‘-.-\Sh‘)z&m}sé*-c



