
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 7 is due on Friday, March 11, 11:59 PM

Today: Martingale convergence theorem

@



The martingale convergence theorem

-

harem 26 - t Let (Xn ) n > o be a martingale ,
and suppose

there exists CEO such that P[ Xn ? - C) = I for all in
.

Then there is a random variable ✗• such that

Pflimlin = ✗ a) = l

n → a

Proof ( l ) Enough to prove for [ = o

consider Yn = Xn + C
.

Then ( Yn ) is a martingale ,
Yn > o

,

and Iim Yn = Ya if and on /
y if tim Xn = Ya - C

n → a n →a

Assume that ✗ n > 0

(2) Et Max ✗ n < a ] = |
n ? O

| • (Xn ) is a nonnégative martingale ,
therefore by



The martingale convergence theorem

/
• """ """" """

"" " "" " ""

P / max Xn > a] ± Etant = ENI
01h EN

• Take the Limit Nia ( monotonie ity of E )

Iim Elma × Xn >a) =P / max ✗ n > a ] ±
N →a OEHEN n ? O

• Jake the limit a → a

Iim El max Xn sa ] =P [ max Xn < a ] > timp - E¥Y=|
a → h ? 0 h ? 0 a → a

(3) Each trajectory (Xnlw )) has a convergent
subsequence ( Xindu)) ,

dénote the limit ✗• (w)



The martingale convergence theorem

(4) 1f (Xnlw)) is not convergent ,
there are infinite Ig

many terms Xnlw) away from ✗ • (w)

✗ •

AIlf
(Xnlw)) is not convergent ,

there are A.BEQ
,

A. BIO
,
ACB such that there are infinite ly many

terms ✗ n (w) >- B and infinite Ig many terms Xnlw) EA .



The martingale convergence theorem
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For any A.BE ④ ,

A.BIO ,
ACB dénote

5
,
= min { k : Xx Ea }

,
Tn = min { k > Sn i. Xkzb }

,
Sn = min { K >Tn . , :X " ça }

( sn.TN ) denotes an (A.B) - upcrossing

(5) 1f (Xnlw )) is not convergent ,

then there exist

infini tely many (A. B) upcrossings for some ACB



The martingale convergence theorem

Fix A
,
B

.

Dénote Un Max { K : Tk En }
,

number of

(A. B) - upcrossings before time n
.

Dénote U = lim Une ÀVU {a }
,
total number of

n → •

( A. B) - upcrossings .

{ sx< j } -- { SKEJ - t }
(6) Pluie ] =/

is (Xo
,
- - -

,
✗j-i ) - mecs .

/
• """" " " """° "

" "

f1 ,
5k < j' TK

bet Bj =/ O ,
T, < g. « ça ,

,
Win / lose Bj ( Xj - Xj - i )

E (Xo ,
-
-
-

,
✗ j- i ) - measurable

Total winnings : Nn = Ê Bj ( Xj - Xj - i )
jai



The martingale convergence theorem

3

✗ •

" |→
• (Win) n> , is a martingale ,

therefore

Elwin ] -- EIN , ] = o : W ,
= {
°

-
it × . > A

,

X ,
-Xo

,
Xo 4- A

Un

• Wn = [ [ I. (Xj - Xj - 1) = [ [ (Xj - Xj. . ) + Ê (Xj - Xj - i )
K :Tich Sky

.

ETK 1<=1 <Tu j -- Sunt ,

2 Un - ( B- A) + ✗ n -✗ son > Un ( B- A) - A



The martingale convergence theorem

|
• Elwin ] --02 (B-A) Et / Un ] - A ⇒ Et / Un ] ± ÈA < •

,
• lim Eun ) -_ Elu ] < a ⇒ Plu < a) =/

h → a

(7) For any A. BEQ ,
A. BIO

,
A < B

tpfinfinitely many ( A. B) - upcrossings ] = 0

(8) f7 Ai BEIQ ,
A.BIO ,

ALB s.t. the exists o -

many

( AIB) - upcrossings ] = o

Pflimlin = ✗a) =L
mi - Miam



Example

(Xn )mo SSRW on Z
,
✗☐=/ . F- min { n > o : ✗n=o }

Consider Mn - Xian
.

Mn is a nonnegative martingale .

Therefore , by the Martingale convergence thm

there exists ru . Ma s.t.lt?flimMn--Mo)-- |
.

nte

what is Mo ? Mnlw ) is eventually constant for any w .

Since {Mnlw) = K ,
Mntilw) - K } is not possible for

any 1<>-1
,
Ma -- O with probability I

.

Remarks Et / Mn] -_ Elmo ] = E-Ho] -- I ,
but Ma = o

.

In particular ,
Iim El Mn ] # Eflim Mn )
n → a

na -



Example . Polya Urns
An urn initial /

y
contains a red balls and to blue balls

.

At each step ,
draw a ball uniformly at random and

return it with another ball of the same color . Dénote

by Xn the number of red balls in the am after n turns .

Then (Xn ) is a Markov Chain ( time inhomogèneous )

PHni-i-ki-IIXn-kl-n.at , fXn+ ,
= k / ✗n=k ] = t - n¥b

Long - run behavior of the process ? Techniques developed
for time - homogeneous MC cannot be appli ed .

Let Mn :=¥+b be the fraction of red ball after n turns .

Then of Mn c- I
,
El / Mnt ) Et



Example . Polya Urns

NeXt
'

E/ Xnt , / Xo
, .
. .

,
✗ n ] = Etna IXN ) ( ✗ n is Markov )

and Elina / Xn ] = (✗ n'- D. n¥→ + ✗ n ( l -
n
?÷b)

=
#

+ ✗ n -- ✗

nntn.IE?hta+bElMn+ilMoi---iMnJ--En?IIa-+bIXoi---iXn)-- ¥Çb = Mn

( Nn) is a nonnégative martingale .

Therefore
, by

the Martingale convergence theorem Mn → Moi
,
nanas .

One can show that Mo has beta distribution

fµ
,

(a) = la
+ b- ') ! xa

- '

( i - x)
" '

,
☐< ✗ < |

(a- 1) ! (b-1) !


