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Today: Hitting times. First step analysis
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Initial distribution and transition matrix

1-et (Xn )mo be a (time - homogeneous ) Markov chain
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Distribution of ✗ n is a vector ( LPIXN =/ ] ,
LPIXN --2 }

,
-
-

,
#Hill ))

[ Xo -- i ] = di . 1-et P be the transition matrix of ( Xn )
.

\ : What is the distribution of Xn ?

✗ ,
: LPIX , = ;] =

Distribution of X ,
is given by

✗
n
: IPIXN -- j ] = ÊPIXN IX. =i ] DIX. -- i ] =

c- = ,

Distribution of ✗ n is given by
We will sag that (Xn ) is Markov (dip)



Markov property
" future is independent of the past

"

Prop Let ( Xn) be a time - homogeneous MC with discrete

state space Sand transition probabilités pli , ;) . Fix ment ,
les

.
and

suppose that LPIXM =L ] > o .

Then conditionat on

✗ m -- il
,
the process ( ✗mtn)nen is Markov with transition

I l- l Ç et /

probabilities plij ) , initial distribution (Q - -
- 10.1.0 ,

- -
-

,
o )

and independent of the random variables Xo
, .
. _ ,
Xm

,

i. e
.

if A is an event determined by Xo
,
Xi

,
. .
.

,
✗ m and Plan {✗me}] > O

then for all nzo

[ ✗m Ima ; - - , ✗mtn = imtn / An / ✗ m = =

Prix . Enough to show that

LP /{✗ma -- Ima ,

- "

,
✗mtn-imi-n.Xni-llnAJ-pll.int/)---p(im+n-i.im+n)tPIAnsiXm--l }]



Markov property
• Let A- = { ✗o=io ,

- - -

, ✗mal } .

Then

[ ✗☐
= Io

,
- - -

,
✗m'- l , ✗mtiimti , - - - , ✗mtn -- imtn } =

/

DIX .io ,
- -

-

, ✗ m -_ e) = Plinio ) plio.ie ) - .
- plim - i

,
e )

• Any set A determined by Xo
,
-
-
-

,
✗m is a disjoint

union of the events of the Farm { ✗ ☐
= io

,
. . .

,
✗ m -- im }

.

E. g. [ {Xm irai - - , ✗mtn-imi-nlnlA.UA) n { ✗me } ]
=

=

So (* ) holds for any
event A.
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Hitting times

it :When is the first time the process enter a certain set ?

For ACS
, Compute

12 : For A.BCS
,
AMB = find the probability

start with 02

• trivial :

• fake ie AUB ;
" first step analysis

"

:

LP / TA < te / ✗ ☐
= i ] =

By the Markov property

[ ta <TBIXOÏ , ✗ ij ] =



Hitting Times

We conclu de that

Hi ) = (** )

This gives a system of linear equations + boundary
conditions

h , ;) = {
I i
ie A

(* * * )
O ,
it B

If S is finite
,
denote À ( ha ) ,

hh)
,
- -

, hast ) ) .

Then

(* ☒ ) becomes

Example 2.6 (✗ n) random Walk on { 011,2 ,
-
-

, N }
,

not

necessarilysymmetric.pli.it 1) = q , pli , i - 1) =/
-

q , qe [0,1]

(et ie { 1,2 .
.
-

,
N - l } . Compute

LPIXN ruches Nbeforeo /Xiii ] üËËËËÏ



Hitting times for random Walks
Dénote A -- { N }

,
B-- { 0 }

.

Need # [ TA <Tps 1×0=1] = hli )

- boundary conditions

consider ☐ < ICN

qij-i.tl
- recall pliij ) -_ { pq , j=i - o

i so G- *) becomes

o , otherWise hli ) -_ §, plij ) hij )
hli ) =

Vie { 1
, -

- i

,
N- l }

• if q
--0

,

then hli ) =

• if
q =L ,

then hli ) =

• if qe (Oil ) ,

dénote Ahli ) - hli ) - hli - i )
,

D- ÷ ¥



Hitting times for random walks

☐ hk) = Jake the sum of the

Dhl}) = first i equations
④ { :

Dh ( N) = .

LAS : Ah / 1) + Dh /2) t - - - + Ahli ) =

RHS :

⇒ fit { 2,3 ,
- - -

,
N } hli ) =

h / N / =/ = ⇒ Aha) =

⇒ ki ) = for it { 1
,
- - -

,
N - l }



Gambler 's rain

suppose you
have 100$

,
at each game you bet 1$

,

and
you stop either when your fortune reaches 200$

or when you loseeverything.IN --200
,
hlloo ) - ? ]

(fair game ) If probability etwinning is 0.5 (9--0.5)
then ⑤ = fÏ=I ,

h ( loco ) = 12¥ = d- = 0.5

(real gambling ) If probability of winning is ¥ (9--0.474)
1- ④

100

then hlloo) = ⇒°

=



Expected hitting times
Let (Xn!

> ☐

be a Markov Chain with transition probabilités
pliij) and state

space
S

.

dation : Pi [ Y } =P [ Y / ✗ai ]
,
Ei / Y ] = EIY / ✗ a-- i )

L et ACS
, ta := min { n > o : Xn c- A }

11: : Hou long (on average) does it fake to reach A?

Compute Ei [TA] =

By definition ,

Eify ] = Êkpfy =/< IX. = i ) ( Yt {01h2 ,
- - - })

12=1

First step analysis ( condition ing on the first step )

gti ) = Ei ITA] =



Expected hitting times
If it A ,

then gli ) --0 . Suppose IEIA .

Then

LP / Ta -- K / ✗ii. Xo =P/ Xo # Ai XIEIA ,
- -

-

,
XKIEIAIXKEAIX , -j ,

Xiii ]

=P / ✗
☐
¢ A ,

X
, # A ,

- -

,
Xx- z # Ai Xk - IEA / ✗ o=j ]

= RITA -- K - l lXo=j ]

Compute the expectation

glil-j.FEITAIX-j.Xo-ill.PH/i-jlXo--i ]
=

=



Expected hitting times
Conclusion : go

'

) = / +§, pliij ) glj ) if it A{ gli ) = o if it A

Example 3.2 On average trow many times
do we reed

to toss a coin to get two consecutive Heads ?

Dénote by Xn the number of consecutive heads after n'+ toss
.

O I Z

✗ne { 0,112 } , p =
° É É °
' / ± ° :| "

2 O O I

g (2)
= gli ) = g (o)

=

glo ) = gli) = glo ) = 6

starting from state o it tales on average
6 fosses to

reach state 2
.


