
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 1 is due on Friday, January 14, 11:59 PM

Today: Stationary distribution
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Simple symmetric random Walk on Z
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Markov processes

Leet (Xn) be a Markov chain with initial

distribution d and transition matrix P
.

• Distribution of ✗ n : d Pn

= irst step analysis :
- absorption probabilities ( gambler 's rain )
- meam hitting times ( two consecutive heads )

• Class structure : recurrence / transi ence

- criteria

- SSRW on Z
,
Z2

,
Z
}

• lrreducibility



Long - run behavior of Markov Chains

Dénote by In the distribution of Xn
,
i. e.
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( follows from the Chapman - Kolmogorov eqs .)
what trappeurs with In as n → • ?

for a stochastic matrix P
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Stationary distribution

Jef 6- l Let (Xn ) n» be a Markov Chain with

state space S and transition matrix P
.

A vector

I = ( Ili ) ) its is ca / Ied a stationary distribution if

for all its
,

and

(* )

If I is the stationary distribution and To = IT
,
Then

tn

In arder to find the stationary distribution we

have to solve the linear system (*) :

• IT is the left eigen vector of P with e.v. 1



Stationary distribution

11 : Existence of the stationary distribution

Qz : Unique ness of the Stationary distribution

Q3 : Convergence to the stationary distribution

E-✗amples 6.3 .
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General 2- state Markov Chain
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General 2- state Markov Chain

Casez : pelo , 1) or q c- (Oil )
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General Markov Chain with finite state space

Let (Xn ) be a MC with finite state space 5.

Suppose that a- = PIT
,
P = QDQ

"

such that

① =/ / à :-/ / ☐ =/ | .

Then timp? tim QDNQ
"

=/ ] / } / / =/

"
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Enough to have the following : ( use Jordan normal form )

i ) T is a simple eigenvalue ( T is aiways an eigenvalue

since (P1) ; = [ plij ) =L ,
so PH --

,
# =/ ! ) is an e. F.)

j
2) There is a Ietf eigenvector of I with all nonnégative entries

3) 1f dis an eigenvalue of P and D= I
,
then Id / < |



Perron - Frobenius theorem

theorem 6.5 Let M be an Nx N matrix all of whose

entries are strict/
y positive .

Then

More over
,

eigen space contains a vector with

. Finally ,

het P be a stochastic matrix with all strict /y positive entries .
Then

,

therefore I is the PF eigenvalue :

with ( left ) eigenvector IT with . If (Xn) is

a MC with transition matrix P
,
then

( though to have p sit .

has strict/y positive entries
for some )


