
MATH 285: Stochastic Processes

math-old.ucsd.edu/~ynemish/teaching/285

Homework 2 is due on Friday, January 21 11:59 PM

Today: Periodic, aperiodic, reducible, 
irreducible Markov chains with 
finite state space
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Stationary distribution and long - rien behavior
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Stationary distribution and expected return times

Recall that Tiradentes the time of the Kth visit to state i
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Periodic and aperiodic chains

het (Xn ) be a MC with state space Sand transition
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eriodic and aperiodic chains

Lemma 7.2 If P is the transition matrix for an irredusibk

Markov Chain
,
then for all states i.j .
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RW on bipartite graphs
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✗ample 7.3 et G-_ ( V ,
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lrredu cible aperiodic Markov Chains

theorem 7.4 et P be a transition matrix for a

finite - state
,
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,
aperiodic Markov Chain .
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Redu cible Markov Chains

ot irredu cible MC = reducible MC

Def 7.5
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Lemma 7.6 Relation → on s is an Equivalence relation .
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Communication classes

Equivalence relation ⇐ splits the state space
into

communication classes ( sets of states that communicante

with each other )
.
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MC is irréductible Iff it consists of one communication class

Class properties : [ proof as in Prop 4.8 , Prop .
7.2 ]

- transience or recurrence : either all states in one

class are transient (class ) or all are récurrent (class )

- period iCity : all states in one class have the

same period



Communication classes

suppose i and j be long to different classes .
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Transient states
- -

Suppose there exists one Transient class T ? !
- - -

,
- - - -

O
' Pa '

i O•
- - t - -

i Ps I

If 5=0 then T is récurrent i.

- t - _

.

,

o -

ipï
• 1f 5=10 ,

then Q is substochastic
,

i. e.
,
7 ie Tst .

ZQ < | 1- {
-

S Q

jet
-

• If Q is substochastic
,

then for all eigen values d of Q Hkl

⇒ → 0
,
n → a

,
i. e

.

for i. g- ET Il?lXn=j ] → 0in →•

• f- + Q + + - - - = 1- + VDV
-
'

+ V15 Ît - - - =\/ (It D + D' + - - ) V
"

concierges

For i. je T ,
E :[ Ë

.

#
✗ "g) =

=



Transient states

Conclusion : if TCS is a Transient Class
, then i.jet
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Transient states

Recall
,
First step analysis for the meam hitting time
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Transient states
- -

starting from T ,
in which R ' / ?

. . .

O
class Will (Xn) end up ? R, { ' Pa ! 0

- - t - -

i Ps i

l
i

- t - .

Collapse each Re into one state re
, o -

'

f- .

' Prkeeps transient states te
,
F- { te }

(Ân ) new MC on the reduced state T S Q
- -

space ,
and transition matrix À

,
r, i o o - - - o o

R O I O - - - O O

with 5 (ti , rj )
= B O O I - - - o o

i i

Dente À > " " " rit ] with F = :| ! ! ! " t' ° ° )O O O - - - t 0

✗ ( ti
, rj) :-. ti Q

ta
5

Then -

A- =



Transient states

Example 8.2 o u i r s
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What is the probability that starting from a transient

state i we end up in a récurrent state j ?
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• Expected transit times from i to j ( think
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