MATH 285: Stochastic Processes

Today: Reducible Markov chains with
finite state space

Markov chains with infinite state
space

Homework 2 is due on Friday, January 21 11:59 PM



General form

of transition mefrix with finite S

I: S Q-l -\-roms ( J[‘foh \:)G‘oloc&b'\

‘-F P? 1S o,\Derfo&l'Q, ' ’h\ﬁh an - [

What obout “consient stotes?

Whot W Pe

S Q

\$ oot aPcCCOQLIc

P submotrix Hoc The

ecurcent C[QSS Q(

P{ s o stochastic MC«'\Y‘:X,
we con Consider 1 as @

Markoy choin on Re

[\ ties s+oJ‘Jrihj feom dransient

states
o
'. n = °0
T )

1



Transient stafes

Suf?ose there exists one transient class T P_l_ 0
S #0 P O
£ S=0 then T is recwrcent (Pf';;
O B
£ S#o ,then Q s substochestic r
e 2 {eTst. ZQ <) T S Q
et . _

H? Q \S SubS*OChQ\S'\—\“C l'ﬂ\ev\ —E)r all e,(-‘jﬂn\fo\(u-eé A of Q A\
= Qn—)O, N o e for C.jeT EYquj__)——)O‘n—WO

1+Q « Q= T+ \/D\l—‘ VB Ve = V(T DB IV converges
For ilje_l— [Z ixu."\‘}:

)



Teansient states

Conclusiont i TcS is o “ronsient c\assl'ﬁhu\ \V'C.J'eT

w00
n
E[ Z /H{Xn""‘)_x = e,x‘)ec:{'eé number of isits +0\3
i heo J s'h-f‘ﬁnj from ¢
Exq.mP\e, R.\ o w1z 3
[ 0 © o O
3 Va. 28 o I O o O
'1_/\‘,_/—\.;_/'\. L P: Ji O @) 3‘: o
7 \T/' \‘/’ o o) _LL o _2:
0 ooz 3 R | o f o % o]

visits 4o @ 5+ari'1r\j'f“om
@ s |

Ex?aded hwmbec of steps before a_bsocption sfacting from ©

. 3
IS fz'l-[fi = 3

PV — N N - £ 0

\ E;gFe,chel number of



“Tronsient stafes

Recall | First &JVQF anq\js\‘s Lo The  wmean hI'H‘(n:j +ime
0 (e A
NERL T {T-AAX = { | _
Sw \+j§5 P(LJBSJ A
Th= 2 My ga

N=9o

lnsfead of chdlnj | Lor <ach s—\'?_P( o.dd \or\(J w hen

Xh \IiSHS j‘.
Denafe  S\A='T. and doc C,je‘r 9 =
Thew  FSA 9 = i le A

34 =
S=1§] | her



“Tronsient stafes

5’\&r‘r\n3 feom T, n which Q‘{
class  will ()(n\ end wp 7 Rz{

C,o\\cx?se, each R, into one state Ce

kee,F Trangient stafes T= 0t

()Zh) new MC on The reduced stafe T

space and  transifion matax ﬁ, ¥
! (2
w1 th €(t;~‘ r\‘) = . f5
Denofe  A-[d (4 ()] with R
oL(’cC,(‘\D‘: :l
The n ]

A =

R
TR Y
O
-
0 R
|Pr
S Q
P O O o] o)
O | 0 o] D
O O | --- 0|0
| L o |lo
0O O O - 1|0
Z Q
-




Tronsient stafes

EXQJGPQ,Q.Z

o u 1 z N
of | 0 O o O]

Yo Ve " 4 o | O o O

N N, | P=/|"f oo I o

~ " z| o oc| 1 © 5

0 TR DR S G SER | 3| o L 6 TY 1o

Whot is the Frobc&bi\\"}\j that A+°“r{—;h3 fea & T Frdniian F

sfafe ¢ we ehd wp n a reagrcent sfote J?-

Use ~A: (V\O'Hf\i"\j to CO“&FSQ in This CQSQ)
;& =

Nl-— NV
|\| —
Pl — N
O O P
N-O O
11
£l V-
S\W DN |- o)

® EXF?-C*QCA Fronsit fimes from (+°J‘ (‘ﬂ\iv\l& abou t j as
& l)SorBiwj B -



Birth ownd decth processes ('m-?im‘i'e, stafe quceB

Ps P Pa £ Pu Ps Pe S=“Soll\2\?>l'-' &

v&/uut\/ | = p. it = 1-D:
R T ar\ﬁe/&?;/ plie) =po, pliitn)=1-p
0 [ z > Y s 6 7

P(O‘l) | F" 1 P(O.O) = - Po
Pee (0] Po=0 absorbing = po=j reflecting

Moe\e,\ D'F FoPu[Q+(oh 5(‘000% E Xn= size o\c 'ﬁ\Q Po‘:u(ofh'oh ot 'HMQ n

P.[3n20: Xn=o]) - extinction Probmbl\(*j
[P;Y Kn 2o as Nl — Probub'\\'\fj thoat FDPQ‘Q’HOW QXP\QC\Q.S

Dehd"Q \’\() = [ N2o AKn=o| =

Fiest S'\'Q\'—’ u.r\m\jsis: (o) = -

Theorem 20 (h(®).h() . ) is the L = Z P("‘ﬁh(j)
Aao

m\\‘\\mm\ solution Fo




E\r‘ﬂn omd c\e.o:ﬁ\ ProcesSe_S

| T . Peo =t
(k\ o otherwise
h(o) =1
[ h(o)= | w() = h()-ht) = hi)-)
h(1) = F\ \f\(7-3+61\\n(o) u(g:i w ()
@< h () = pa h(3) « @, W(1) w(3) —_P_%i u) = Ry
. T S P P
\r\:('\}: P" h(itd) + 'h(iq) u_:((+|)=1:l— U.(I) _de u.(l)
Y I P PP

Denote



B\\"‘Ht\ Q.V\A c:‘e_ocﬂr\ Proce,S'Se_S

Fu) = wl) w ()= h{-) -h)
w(z) = &J\UK(‘) To ke the sum of fhe Liest L equc(\'t'ohs
< 6 ('3\ = ‘Dzu(l\)

| u(m\ ?‘U‘(‘)

%3 Thvv\.?.O we need The minimal solution 4o (%)
Notice fhat wl() Uu\\qudj defermines ol h (i)

hit)= hie)- (\+g)l+fz+-~-+f')u
ond ﬁ\e minimed  solution corresponds fo moxime @ ()
£ 12 pr=so fhen
In Jf\r\\s case  h(e)-hi)=0 ¥Yi =



E\rﬂ\ Omd cJe.o:fk Proce,SSe_S

&} "'é po ¢ =, then  for ony
wWe 32{ o solution fo (%) bv +a\4(h3

¥ O h(e)-h) = (Lrpiepar v pi) o

\f LL(O?HIE: - fhen for some m \Mja enmﬁ\r\

(=1

T\’\QFQ_‘FO re |

\I&\uq_ 0{: Ux.(\\ . ou:\d ‘ﬂ\e c,orresPonclinj m.\n‘\w\o\,

solution g ‘“(\5\ 4



POSHNQ Ovhci hu.\\ feCcw rence

Let (Xn) be o Markov chain and let ( be o recwrrent
stote  Starting from ¢, (Kn) revisits U iafindely many
fimes B[ Xa=l for infinitely mony nl)=n1

How offen does (Xh) cevis|¥  stofe ¢ ?

(1) Affer n steps, (Xn) revisits ¢ = 3 times spends holf

of the fime ot
(i) Affer n 5’(?_\35, (Xn\ cenisits U = YR Fimes, the Feaction

of ‘time s?er\Jr at ( tend 4o O as noe | © 5o, nae

Def 9.2 Let ( be a recwrrent sfote for MC (Xn).

Denocte Toi=mmn fnzi:Xn=0y, |f CThen  we call ¢

1§ he we cal|



Positive ond null recwrcence
Remock £ is cecuwrrent | then BT Til<eo. Buf it
s shll Fossib\e, that E[Ti] =0 of hat E[Ti] <o,

EXOJMP\Q‘_ Yi, Yae N X \F[\I),-’-\(—S: Y= , lP[YfzK]:

)

PIYi¢=]=P[Yh¢so]=1, E[V]= | E[Y:]=

Prop 9.4 In o finte-state irreducible Mackoy chain all
states wre '

Proof  Fix state j€S

() There exist NeN and qe (o) such that for any (€S

(‘)Cobmbl\\'{'ts of reo.C['\(nS \j{:romi in fhe next N S“Qfs)

Since (Xa) is ‘{(Te,éuc,i‘o\e,)
Toke



Positive ond null recuwrrence

(2) For ony e S E{TJW N < | follows From (1)

() For any ke N Pj[_l?(kﬂ)N]é
(SMP)

Foro.r\j e S ]P.)[T")>(MIBN|E>\LN)XLN=L"\=
PJ' [_G > (krIN] =

/AN

Now re?eo& k. timaes.




Positive and null recurrence

9 BT LR -

(5) B(Tjzn) s \

T\'\Q(Q-po(‘e Y ne {\LNH, - l@ﬂ)NH
le ['I:) 2n| £

(k)N

(6) 2 P&[T\jz\ﬂé

n=KN+
F\Y\Ok“j ' EJ[T\J] c

Conc\usior\: P\\\ 5\'&er5 o‘{’ an irfecLuC(b\t MC w'lﬂ/\ ‘P\h{’\?

stote space  G.Ce \)os‘\‘\‘.\“‘& cecuwccend .



Positive cecurcence and s‘hﬁ\'ono\rj distecbutions
Thm §.¢€ Lek (Xn) be o Mackoy chain with o stode
spoce fhat {5 counfable (but not hagessqr(b fincte )

Sur?osa thece exusts oo Fosi‘\"\\fa recwrcent stocte teS K [T]<e.
For each sfote J‘eS Jdefine

X(COB:
@’\\Q QX\QQC.'\—QA number of istts o J before re—&ch‘.“j )

Then fhe function TS 2o
T =

s @ 5*&-\-'\ovxcxr3 distribution foc (Xn)_



