
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 5:

homework 4 (due Friday, October 28)

regrades of Midterm 1 on Gradescope until October 30

Today: Partial derivatives

Next: Strang 4.4

:



Limit of a function of two variables

Def Consider a point la , b) c- IR? A S - disk centered

at point (aib ) is the open disk of
radius 8 centered at (ad )

bf à
{ Hey ) I (x- a)4- (y

- b)2<82 }

la

Def
.

The limit of flxiy ) as Guy ) approaches (xo , yo) is L

Iim flay) =L
(Xy)→ (Kayo )

if for each Eso there exists a small enough 8>0 such that

all points in a 8- disk around Kayo ) . except possible Kayo ) Itself ,

ffxiy) is no more than E away from L
. ( For any E > o there

exists Do such that Iftxiy ) - L / < E Whenever VK.xoj-ily-y.jo 8.)



Limit of a function of two variables

This definition ensure that if tim flay ) =L ,
then

(x , y)→ (Koiso)

any way
of approaching Ko , yo) results in the same Limit L .

( Another ) example when the limit faits to exist :

• approach (o.o) ulong the

• approach (o.o ) a long the Curve



Computing Limit
.

Limit laws

Theorem 4.1 Let Iim flxiy ) =L ,
tim 9kg)=M

,
c- constant

(xiy)→ (aib) (Xiy)t(aib )

• Iim c= . Iim ✗ = . tim y =

(xiy )→ (ab) (Xy ) → (aib ) (xiyticaib)

• Iim ftp.y/t-glxiy))-- • tim [ flxiyglxiy )] =
(xiytilaib ) (Xy)→ Carb)

•
,

Iim tü
(Ky) → Ca ,b)

glxiy )
=

• Iim [ cflxiy ) ] =
G.g)→ (aib)

• Iim Iflxiy))? • Iim

Hy/ → (a.b)

À =

(Xy ) → (a.b)



Computing Iimits
.

Limit laws

E-✗amples TEY
Iim
(Hy)→ ( 1,2) (

X2 -1 xy + y3)
2

tim
=
HiÆ
Iim
""7)→ Ar)

(✗
"
+ "ytys )

'

=ÏÎ
( Iim [ si +xyty

?

] )
"

(Ky) → (421

V3 / imx - Iim y
=
ÜN

( ( Iim x )?- ( Iim
ix.4)→ai
F) ( "

"

m Y
a,,→ , , ,,

y)
»

)
?

lait-442) (✗g) → µ , , ,
) + ( tim

=

V3.17
( it 1.2+2312

=¥ =
1-

121



Continuity of functions of two variables

Def. A function fcxiy ) is continuous at a point Ca , b) if

( i )

( ii )

(Iii )

Properties
t

.
1f flxiy ) and qlxiy ) are continuous at Ho , yo ) ,

then

is continuous at loco . yo )

2. 1f 4K) is continuous at do and Yly ) is continuous at yo ,

then is continuous at Ho , yo )



Continuity of functions of two variables

Properties (cont . )

3. 1f glxiy ) is continuous at (x . . yo ) ,

and FA ) is

continuous at 2-
◦
÷ gtxoiy . ) ,

then

is continuous at ⇔ . yo)

Au
&



Continuity of functions of two variables

⇔
Example

(xyxy + yyz
: 33C -y Is continuons on

F- is continuous for

so t3x-y is continuous for

Simi tarly ,
si + xy + y

' is continuous on

¥ is continuous for all

so
I is continuous at

(sitxyty
> Y

Take Ho . yo ) - ( l2) .

Then
,
so both

f, and fz are



Partial dérivative of functions of two variables

Functions of one variable y
-

- ftx ) : the dérivative gives the

instantanéous rate of change of y as a fun tion of x
.

Functions of two variables 2- = -5kg ) have 2 Independent variables ,

we heed two ( partial ) dérivative s .

Def The partial dérivative of flxiy ) with respect to x

is fx =# =

The partial dérivative of flxiy ) with respect toy
is fy =# =



Partial dérivative of functions of two variables

Partial dérivative measure the
""

instantanéous rate of change off

if we change only the x variable ¥,
Ë Ïxtn x

or only the y
variable ¥
ftxiy ) ftxiy )

Ë ::?:

: :

ËËË(a. y , •
! !

(Xy)*.

(✗they ) lxiyth)

: •

y
: i



Calculating partial dérivative

Rud To differential-e flxiy ) with respect to x ,
treat the

variable y as a constant
,
and differential e f as a function

of one variable x :

( x} - 12 xy' - ày + 4 x - y
- 3) =

To differential-e flxiy ) with respect to y ,
treat the

variable x as a constant
,
and differential e f as a function

of one variable y :

§ ( x} - Izaya - siy + 4 x - y
- 3) =



Calculating partial dérivative

Example flxiy ) = e-
%

Compute 3¥ =

¥ =



Hicher - corder partial dérivative
Each partial dérivative is itself a function of two variables

,

so we can Compute their partial dérivative ,
which we

call higher - order partial dérivative . For example ,
there

are 4 second - corder partial dérivative

3¥. . }¥= 7¥
,

=
• 3¥

fxy and fyx are called

fxy and fyx are not necessarilyequal .

Thy If fxy and fyx are continuous on an open
disk D

,

then fxy = fyx on D.



Hicher - corder partial dérivative

Example et flxiy ) = ✗acos ( 2x- y ) + ✗ e-
à

¥ =

3¥. --
2f

Jy
=

a?Ï, =

It is not true in general that fxy = fyx .



Tangent planes
Recall

,
if f is a function of one real variable , then its

graph determines a Curve c in IR? C

and the tangent line to the graph
of f at point x . is the line that Æ__;;
" touches

" the Curve C at point (xiflxo )) - x.

If f is a function of two variables ,

then its graph determines a surface 5
,

• z

and the tangent plane to S at

( ✗nyo , flxoiyo )) is a plane that
"

touches " S at this point .

G-× ☆ y



Tangent plane
Def

.

Let Po = Ho , yo ,
Zo ) be a point on a surface 5 ,

and Iet C be any Curve passing through Po and lying
entire /

y in
S

.
If the tangent line to all such curves c

at Po tie in the same plane ,
then this plane is Callet

the
DZ

Def
.

Lets be a surface defined

by a différentiable function 2- = Hay ) .

Let B-- Ho , yo) be in the domain off .

Then the equation of the

tangent plane to S at Po is
•" • y



I
.

¥
⑧

À = < o o)
-

y
du
2-

•

(Q O ) x

Boy

• ×



ftxiy ) az

i

Go x * y

a •
x

⑥ Zà
G- x * y


