MATH 10C: Calculus lll (Lecture B0O)

Today: Partial derivatives

Next: Strang 4.4

Week 5:
homework 4 (due Friday, October 28)

regrades of Midterm 1 on Gradescope until October 30



L{m{‘\ of «a functfion of dwo variables
Def Consider a \Do‘mjr (a.b)e R* A &-disk centered
ot \Do‘m* (&\b) IS 'ﬂ\{ ox)e_h disle «f rodius & centered ot (mb)

t(y) | (1~0.)z+(j-b)24 5"8 b7

t

Q
D_e_g__ The limit of F(ij) GS (awj) &pfroachqs (10‘303 s L
i -F(?hj):L
(1\‘3)_)(1“‘:1\)

if for cach €50 dhere exists a small e,houa\r\ >0 such thaf

all Po‘m‘\s ih o B-disk oround (Xeys) jexcept possible (tuys)itself,
—F(l\\j\ is no mofe thon & away fcom L. (For ony €30 There
exists Oo such that \{(m‘j\—l_\éz whenever \J(I-zg)u(j-jo)%%\)




Limt of o function of 4wo variables
This definition ensures thot 1§ lim fE&y)=L, then

(—ll \j) - (xﬁl'jo)

oy way of mf&af‘oack(nﬂ (%o Yo ) resw|ts in the some (imit L.

(Another ) example when the limt Fails fo exist:

. &PP(‘OQC'!\ (o0.0) snj The

° &\DProuc\r\ (0\0) Qlovvj "\\\q curve



Computing limits. Limit laws
Theorem 4.1  Let lim fy) =L, im  9)= ™M | ¢ -constant

(x )= (ab) (Iq)—}(alb)
e |m c= ) l\m X = e lim y =
(xy)>(ab) (1\‘33 =+ (a.b) (1\‘3 )’7 (@b)
o lim [flxg)29(xy)] = o lim  [fly)gEy)l=
(Ltj)—)(ulb) j ] (‘1‘\1}—)(0\\3) \33 \D’S
\. ‘F(I\\))
® ™M —T

(1\‘5) ‘)(Q\b) 3 (th‘-j)

o lim [cfay)]s=
(‘1\\5)"’ (Q\‘o\

o lim  [FyT- o lim  Vfay) =

[I\"j) - (q\‘o) (I\\ﬂ - (°~\\’)3



Computing limits. Limit laws
Examples ey
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Con*(nu{{‘u] of functions of 4wo variables

Def. A function fxy) is continuous ot « point (a.b) if
()
(it )

(i )

Po _pe.r{'ies

1. | -F(I(u’) and cs(atnj) are confinuows aof (26, Y0) , then

s continwous at (. \j‘,)

2. 1§ w®) s continuous ad 2. and \P(‘j) (s coniibuous ok jgl

then & onfinuous ot (Xe 9 )



ConJr(nuH‘Lj of fnctions of Fwo vVoriables

Pro(?er{'(es (cont.)
5. [F gl s continuons ot (g) and £) s

continuwous af 2.:= 3(9(°(j.>‘ the in
iS Con‘HnuouS Q_'E (3&',‘3‘)




Con'“nu('hj 0{: ‘R\.hC'ho(/\S mC +wo \)OL,f‘l‘Q(D‘-QS
‘131-3

Exqmp\e 31—\j Is continuous on

(1.7'-& xy +'j"’)z i

{2z s continuous Afor
So ('bx—xj s continuous Jor

S\mi\qr&j( 11:;13 +j3 \S continuows on
L i continwouws  Jor ol
ZZ.
( . .
9 s continuows at

D
Take (1ol3°):((.13 Then
{i and {5 are

| So boﬂ\



Poctiol derivatives of Hfunctions of ‘wo variables

Fanctions of one variable jvﬂi): the decivative gives fhe

insfantoneous cate of chcmja of y as o funtion of = .

Functions of 4wo variables 7_=‘F(7((cj) hoxe 2 indefehéen‘f Variables |

we  need Hwo (Po.rjr(o\\) decivatives .

_De_ﬁc_ The Pm‘ﬁ@\ decivative of —F(mj) with resper:{- 4o

‘ 3
S {1_%=

_ﬂ'\e_ chr“"l\q_\ deri\lod'{\la of ‘F(Iu-j) wi“\\ resFec+ to j

1S j(j __j___



Portial derivatives of Hfunctions of ‘two voriables

P&r+f&.‘ Qle,("(\lu"'\\\fes Meo Swse ﬂ'\e
ir\S“'Qh'\'Q“QOU-S rote of chomjt of §

i we c‘n&nje on‘j dhe x voriabk %

or OV\(j the 4 Vacccble %

'F&Uj)

£ )




COL\Cu\o&ihq ?cLH‘\'od derivatives
Rule To differentiate {(aiy) with res pect 4o x, freat the

vorioble Y as o consfant and didfferentiote £ os o function

of one variabl x :

g 3 2 z

Lol 2 _ ol L
?l(l ll\j 13-&%3(.33)_

To  differentiote -((1uj) with rcs?ec.* *o v treat  the
varioble X as o contfont and differentiofe £ os o funciion

D‘F one \[Q.F{&\Dle j .

—gj' (13— lZJuj"- fj + er-j—3>> =



COL‘CUL\OC\'ihO) pactial derivatives

2yt

Excum?\e_ —F(Iuj) = e— =

Com?uﬁ& _E{:_ -
0%

H
ey

=



H'\cjher— otde quh’a\ decivotives

Each quJr\'a.\ derivative jg iself o function of 4wo vaciables,
so we can Com?uﬁe the i FQ.(‘"’(OJ derivatives | which wa
call \/\iﬁ\r\ec-oréer ‘Darjf\‘a\ decivatives . For eﬁ&mP\e - Thece

e 4 second-ocdec F&r‘r\‘cd decivotives

ot > Ll 2%,
DX | ’9\791 I?Z'?J 1 '9\)2

‘Fx\] and -ij ace colled
’F:L\J and 'F\:]x ole hOJf k\eces.SchHj eci\«a.f.

Thm |f {xtj and -ij are continuous on an open disk D,
Thew —(13=‘§3x on D.




H'\Cj\\er— orde P&(ha\ decivoctives

Example Let ‘F(Tf«j) = x*cos (2%-y) + wed
of |

oxX
Pl
3331

H' iS hO'\' ’h"Ul-Q, n 3€Y\€_rQ\ —“\Q'\ ‘ij‘—‘%x,



—

lon qen’( plo.ne_s

Recall | if £ is a function of one real variable, then s
jraPh ddermmes o curve C in R?
and the JfomjenJr ine o the graph
of £ o ‘Do‘mjr Xo (s the line dhat Py e

" touches +\'\€_ curve C at fOi“{- (x-‘HI")B /l/

£ £ is o function of fwo variabls,
then ifs SraP\r\ defermine a sucface S,
Q_T\A ’t\\g '\'Q_r\ﬂeh‘\ P\o.he_ +0 S at

(x"(‘jo“F(‘lm"jo)) .lS a ?‘Qne_ -H\Q.(— <

touches* S ot This Po‘m'\.

AZ




longent  plane
D_Q"E_u\_e‘( Po= (oo, 20) be @ point on o surface S
ond let C be any curve pa.ssing -H\rouﬁh Py and [Ui“fj
e,n*(re[j in S. |F dhe ’Ymnjenjv lines 4o all such curves C

at P lie in the same plone then  Fhis ?\ane is called

the
_D_Q_‘E. Let S be a surface defined
b3 o diffeentiable function - fay).

y

Let R=(.ye) be in the domoun of 4. <

Then the e.cIU\q'l"lor\ of the /\

-tomaevxjr P\Qr\e to Sat P is
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