
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 6:

homework 5 (due Friday, November 4, 11:59 PM)

Today: Differentiability. Chain rule

Next: Strang 4.6

o



Different ,
'

ability
Functions of one variable : if a function is différentiable

at do
,
the graph at x . is smooth ( no Corners ) , tangent line

is wel defined and approximertes Welt the function around x .
.

Functions of two variables : different iability gives the

condition when the surface at Ho . yo ) is smooth
, by which

we meam that the tangent plane at (x. . yo ) exists .

Notice
,
that Whenever fxlxoiyo ) and fy Hugo ) exist , we

can aiways write the equation
Z = flxo , yo ) t fx Kayo) (X

- x. ) t fylxoiyo ) (y -yo ) . A)

But this does not meam that the tangent plane exists

( if it exists ,
it is given by A) )

.



Different ,
'

ability
Def

.

f is différentiable at Ho . yo ) if fxlxoiyo ) and fylxoiyo )

exist and the error term

Elxiy ) = flxiy ) - ( flxoiyo ) + fxlxoiyo ) (x - ✗ o ) + fylxoiyo ) (y - yo) ]

satisfis y-a
'

"
'

m rÏ÷→⇒(xiy ) → A.iyo) EE
This meam that

flxiy ) = f(xoiyo ) + fx Ho
, yo ) (x

- Ku ) + fylxoiy . ) (y -yo ) + EH , y )

and Ebay ) 90es to Zero Foster than the distance

between (xiy ) and Kayo ) .

REMI 1f flxiy ) is différentiable at Hoyo ) , then flxiy ) is
continuous at cxoiyo ) .



Different iability (xd ) ! ✗ x
" '

( x): x2

The existence 0f partial dérivative is not sufficient to

have different iability .

f- (xy ) is not

Example f1, , y ) = { Î÷my
il' ' ) ) ≠ (◦ ' o ) différentiable atloio )

O ,
Hey ) =@ O )

Then fxlxiy ) = a i (Ky )# loco )
, fy /× , y ) =

% ,
N'7)=/ loco )

◦
i HH ) =@ o ) | 0 ,Hiyl-_@qForlxo.yo) =/ 0,0 )

,
f10,0) = 0 , fxloio ) =D , fy loco) =D ,

so

Elxiy ) = -0
,

and tim
ix.g)→ (o.o )

=/in
does

#yticao)Î¥ not
exist

f+10,0 ) = tim HʰÏÎÂ= Iim 0⇒ t€trio hio



Different iability
But

,
If fx Ho , yo ) and fylxoiyo ) exist AND are continuous

in a neigborhood of (x . . yo ) ,
then f is différentiable at Hyo)

Theorem

1f flxiy ) , fxlxiy ) , fy (xy ) all exist in a neighbourhood of

(x . . yo ) and are continuous at (xayo ) then flxiy )

is différentiable at (xoiyo ) .



The Chain rate foglx )

Recall that for functions of one variable

¥ (fcg ( x )) ) = f
'

(gtx )) g
'
(x )

Thy (Chain rule for one Independent variable )
fait ) , ya ) )

1-et ✗ (t ) and ylt ) be différentiable functions
,

/et f : IR
'

→ IR be a différentiable function
.

Then

¥ lflxlthyct ) )] = 7¥ - ¥-1 + ¥ - ¥

Example Compute ¥ / ffsint.cat ) ] with flxiy ) --4×2+392
✗ It ) git )

z¥=8x ,
= 6g , ¥ sint = cost , ¥ cost =

- Sint

¥ /flint , cost ))=8Î ! cost +6¥- Sint ) = 8 sint - cost - Gast -Sint

= Zsintcost



The Chain rule

THI (Chain rule for two independent variables)

suppose xluiv ) and yluiv ) are différentiable
,
and

suppose flxiy ) is différentiable
.

Then

2- =f( xluiv ) , yluiv ) ) is différentiable (function from À to À)

and at of 2¥ + 0¥ . 37eTu
=

☒
'

¥ .
- ¥

.

. + ¥
,

Example - = flxiy ) = À
"»

,
✗ (u.v ) = cet 20

, yluiv ) = u - v

2f
✗73g ✗437

☒
=L - 2x i

= l' 3
,
}Î =L , }Î=2 , %ˢ= 1,2¥ =

- t

§÷=ê
">
9. 2x . | + e

"">
I.3. ,

27
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