MATH 10C: Calculus lll (Lecture B0O)

Today: Local minima/maxima

Next: Strang 4.7

Week 8:

Midterm 2: Wednesday, November 16 (lectures 10-19)



Lost time
PE:E. Let 1='F(1(j3 be o “Fu_hC'HOh of dwo Vartubles

defined  od (eiys). Then Eeiye) is caled o crihical
Foin‘& of § I either

oy (ys)=0, -ﬁj (tocys )=0 (e, Vf(rey.)= 3 )4 or
o 44 (Lmﬂa\ Ny -Fj (xo‘v°> does not erigt




Last time

E Let z=1r(1‘j) be a Function of Fwo vacables.
Then £ hos o locol moaximum af PO{M (e 5-) i

(%) {(10,30321((1-3) for oll ?o\n‘fs (ry) within some  disk
centered ot (1°.3o)_ The number —((lmjo\ s colled the local

moximum Value . £ ™) holds  for ol (1(33 o the  domain

Q'F —rl N saj ﬂ\o\)( {\ has 3\0\0@\ MoX MU M ok* (lo.joﬁ,

Cuncion £ has o focal minimum o Fo{h% (xe1§-) if
(%) f(lo\\jﬂéffx.j) for all Po'mjrs (Lj) within  some disk
centered at (1":30)_ The number 1((10|30\ s colled  the local

MMM value . 1€ &%)  holds Hor ol (I(J\ W the  domadn

Q‘? —rl Ne SQ.J 'f\r\oe( ‘F ‘ﬂQS 3\0\9(1,\ m‘\r\{mu,hr\ 0~+ (Io.jo),

LDLO\_\ hr\'\h.\mob OJ\& (OC_Q\ m&*l\'\‘moL of£e Cq\\eé |000J E)d\'ema-



Lost time

Thm 4.6 Let 7_=‘F(1\j) be o function of Fwo variables,
Su,FPose -(;_ o_hc\ ‘(\3 QO\QL\ (7&{5‘\' Q+ (10|\j°)_ W —F hqs

o local extremum at (., Y ), Then (10.3,) s &« critical poin
o £ (i V‘F(lo.\y,)=0).

Exam?\e A’\ '“\»z \!Qrﬁ ’l’o‘: o—( o hr\oumjroﬁm ‘ﬂm 3rou..hc;| IS

{lat. 1 there was 8\0\36_ in same  direction  fhen wou couwld 9o
Sn'\g\wx- S'\Mi\ur(j Cat the lowest Pohn{' of a crater

e 8roumd s also Lot (Vf=0).

But the fact that the 3(‘00-?\3 (S £lod (V‘F(lmjs):O)
does not anSSarI\j mean that £ has o Jecal

eyxtremum ok (xo‘\jb)“\% Moy be o saddle ?o‘m'}.



Soddle points

Ded. Le_t‘ z=1c(1(j) be o Junchion of fwe voriables .

Ne S04 that (Lerge) is o sadd le folnj(i{: fx (xe190)=0 |
-F'j(loﬁjo\=0 . but f does not have o [ocal extremum of (e )

Le_\fd cu\es &rouhé f\r\e

Local maxuma

Soéé ?om-\' l\a\l!?_ \5 Skq&)e

&




The second derivative dest

Thin 4.3 (Second derivative test)

Smr?osg Tha } —F(x«j) is a function of dwe variables for which
the st and  second- order Per\‘cx\ decivatives are continwous
o found (1‘,\30\- Sufpose ‘(x (Io.sju)=—0 and -Pj (Zo”jo)=o . Define

2| e ) Fay ()
D = o Teig )Ry froge) = (g o)) = 1
) ‘CH (e ) ‘ij (Zeiq0)

() If Droand fig (taqs )20, Then { has o focal minimum at (oyo)
(i) D0 and fxx @age)<o, Then £ hes a local moximum ak (ro.y.)
Qin') I D<o | then §F hose o saddle ‘)0\"\1( at (Iol‘jo>

Gv) ¥ D=0 | fhen The Hest is fnconclusive



Problem so\\!'\hos s‘krOﬁecN
Problem
Let 2= 'F(llj) be o Hunction of dwo variables $oe wyhich the

ficst- and second-ordered Foﬁ-(a\ decivatives are continuous.

Find  local extrema .

Solution:

A, Determine crifical points  (Xaiye) where 'E((Ihtjo}:'%(lﬂjo):o
Discard any Po‘erS whece % o -% does hot exist -

2. Coclulate D for eoch ecifical Po'm*

3 A??\\j e  Second decivotive Hdest 4o determine if (1‘,\3‘,)

s o local minimam local moximum of o saddle Po‘miy_



Local extrema . EXamP\es
Find e crtical FoinJrS for Tha ‘E)(\owihg {unction and
use  The second derivotive dest to find The local exdrema

Flxy)= 3(,34—2_1_3-21—143
SJIeE A Com?ude vt and find the critical Po‘m‘fs
fo= 32+ 2y-2
4\3 = 2z -4
{5 and —% are  defined and continuous e\;ertjw\\ere
Find @) such fhaf NANCEPET
3x*+2y-2 =0, 3:2°+24-2=0  2y=-lo , y=-5S
2x-4 =0 A= 2

I

Function + hos one crcbical Po‘m% (z‘-s>



Local extrema . ExamP\es

SX’CEZI Com?uffe D Lor (2'_3->
Stact bJ COM?L&’HV\j -&1‘-(:13‘,%1\ {“j’j ot (2-5 )

‘Cxx = %’Fx = %(517‘+2<j —2>=G1 \ fax (2,-s >.—_ 12,
'Fguj = ‘(:1 = :gj (51 *2—3 > 2 | —(—-;3 (2(—5) = 2
‘F:jj = 'B\\] ‘Fj (ZI ‘—1) ‘ ‘(’33 (9_\‘5>= Q

|2 A

= (2-0-2-2 =-4 <O

D:

A 0

S+QE 3. Second derwative test Do s (2, S) 1S«
saddle point



Local extrema . EXamP\es
Find e crtical Foinjrs for The %(\ow(hj {inction ond
use  The second decivotive dest fo find fhe local exdrema

Loyt

x

fxy)= Xy e "%

Step A -2 -2y’ - T
=rep 7 {; = ye + xye (=) = y(-x*)e
—xt eyt
{‘j: x (-4 )e =

{1 and fj are defined for all (ey)

‘(x (xx4)=9 (l-?(‘)=0 — =0 , X =1, =~
{ DRSNS ; xee)
—CU('J(uJ):O T (‘_jl):o - x=o0 3=| (j=_l

Crtical Po'm%sz (0.0\\ (L), (=0, ) (EL0)



Locol extrema . EXamP\es

S‘fe.g 2 Second otdec Po.ch‘(l\ decivafives
2 N A2 2o
b 5000 ] 2 [y g2t
‘Z’*“jz 12,_..17.

=y (—Zz)ev - + 3((~7(z) e:_r_(—z>

o ey
- -rgeT ()

12

‘_A_’l
fyg=-=3e = (5-4)
x? et

'Fxts = ("11)(\“j2>{\ i




Local extrema . Examp\es

x4yl .

- T - Xty
ﬁx=—1‘j (3-x*) € {xj—-(l-m‘)(l—j")e :
1l+‘31

—_—

2

fyy= "=y By)e
Consider the crifical point (L1)

—IZ_(_ll i
fo (1) = -1 (7)€ e e
|
fay (1) = (-*)(-")e =0
_ij((ll):"Z(’_—\
-1
_ 17 % = uetvo
o -2e

’rxx(lt‘\<0 : b)o ‘—H/\ece-cof‘c(-c [I\OLS a (OCQ‘ MQK‘\W\U\M Q-*
(% 0)



Local exdrema . EXamP‘es

1,42
x4y <

B 2 —-EIJ'J-
- xy (300) @ fay= (= )(-y)e *
- xl{_tjl
4:33 =~ xy (5-3‘)6’. =
Consider the critical Poin+ (1,-1)
dxx (\.-\):—L(—\)(%—\‘)e— = . e
‘Fx\j (‘.‘ﬂz Q Checl (-1.1) local mMinitmuw
.ij ((;l) = 4 e ("\\'\) \QCO\] (M AU (MW
i (0,0 ) soddle point
2¢ @ - f
D = = ke
o 2€

’(11(\\-(\?0(13>0 ( SO ‘C KI\QJ loccx‘ m(n;muw\ oA (l\‘l\



