
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 2:

homework 2 (due Monday, October 10)

survey on Canvas Quizzes (due Friday, October 7)

Today: The cross product

Next: Strang 2.415

:



The cross product

]ef- [et Û = Lui
,
Uz

,
Uz> and Û = (Vi

,
V2

, V3> .

Then the cross product of ié and Û is Vector

ÛXÛ = (Uzvz - Uzvz) Î - ( Uivz - Uzv , )j' + (Uivz - Uav,)Î

= ( Uz V3 - V3 V2 ,

- ( U / V3 -V3 V1 ) , 6.V2
- Uz V1}

Example
§ = < 1 , 2,3 } , § =L - I , 2,0 )

p→×q→ = ( 2.0 - 3.2
,

- ( 1.0 - 3- C- l ) )
,
1<2 - Z -H ) )

= ( -6
,

-3
, 4)

F. ⑤ ✗À / = ( liz , 3) • f6 , -3,47=0 , § . (ÊxÂ)= C- I.2,0>.< -6 ,-3,4>
= 0



The cross product

Fact : Vector à ✗ Î is orthogonal to both û and I !

and the direction is
^ ÛXÛ

determined by the right - hand
rate

.¥ Indeed
,

ii. Û = - v7 à

<

vi. û

¥
( anticommutative )

à

§ = < 1 , 2,3 > , § =L - I ,
Z

,
O )

, 15
>
✗ J' = { - G

'

,
-3

, 4)

§ ✗ À = ( 2.3- 0.2 ,
- EH 3 - O - l ) , C- D. 2- 2.1 >

= ( 6
, 3

,

- 4) = _ À ✗ À



Properties of the cross product

Exercise Î ✗ j' = < lion> ✗ 4011,0> = ( 0,0 , 1) = Ê

Îxj
>

=
Î j' ✗ Î=Î Ê×Î=Î

Theorem 2.6 et Û
,
ÛIW be vector in Rs

.

Then

( i ) à ✗ J' = - Î×Û

( ii ) à
>

✗ ( Î+Û)=Û×Û+Û×Û

( iii ) ( ( Û×Î)=(cÛ)×Û=Û×KÛ )

(iv ) Ù×Ô=Ô×Û=Ô For prof expand
(x ) Î×Î= Ô both sites in terms

(ui ) Û . ( J' ✗ À )=(Û×Û ) . Û of components of -ûÂÛ



Properties of cross product
n general , (à ✗ Î ) ✗ À ≠ à ✗ ( J' ✗ in )

(Îx Î ) ✗ j' = Ôxj = Ô
Îx (IÏÎ ) = Îx Ê = - ÎÎ = - j

'

Example (a) Calcul ate (E) • ( (3J ) ✗ È + Î ✗ 1- 4) Î )

(E) ✗ ( (3J ) ✗ È +Î ✗ 1- 4) Î ) =
=

=

(b) Show that Û ✗ Î is orthogonal to à and Û

ii. ( à ✗ Î ) Ï
)

( Û ✗ ù ) . Î = Ô . Û =

OÙ
. ( à ✗ À ) = ( Ù ✗ Û ) . Û = Û . (J' ✗ Û ) = û . Ô = 0



Magnitude of the cross product

East .

1-et Û and I be vector in R? Then

HÙIÎHÛIÎ = IIÛ ✗ ÎN + ( ii.ÛJ (* )

Proot . Expand both sites using Components û=<ai .ua .us>
= < V ,

,
V2
,
V3)

theorem 2.7 Let Û and Û be vector
,
/et ⊖ be the

angle between them
.

Then

HÛ ✗ ÛH = HÛH - HÛH - sino

Proof From (*) là ✗ ÎLE HÛIPHÛIP - (Ù - Û )
"

From Thm
. 2.4 ii. Î =/IÛIIHÛHCOS -0

.

Then

HÛ ✗ ÛH = VHU-Yillvlt-pu-YHIV-ltkoso-T-yu-syyv.HU/-(coso-Y-
"
"

"°



Geometricinterpretation

Summary : 1-et à and I be Vector in IR?

Then ûxii is a vector in Rs such that

• Û ✗ Î is orthogonal to both à and I (right - hand rate)

• HÛ ✗ Il = HÛ II. HIN - sino with ⊖ = angle between ù and I

Consider a parallelogram spanned by vector à and Î

Y
Ï i://vk.sino Area (LT) = HÛH.INT/.sin0:

10 Ë
,

= Il Û ✗ÛH

à

Conclusion : magnitude of Û ✗À is equal to the area

of the parallelogram spanned by û and û



Example

1-et P=( 1,2 , 1) ,
0=(21-3,1) , 12=(0,01-1) be

the vertices on a triangle .

Find its area
.

2- ^ p=( 1,2 ,
' )

EO

j
0=(21-3,1)

•< •✓R =/0,0 ,
- 1)

< x

PÔ =L /
,
-510 )

,

PTR =L - I , -2 ,
- 2)

,

Area (A) = { IIPOÎXÎRH F53

PÔ ✗ PÎR = IOÎ - (2) j' + (7)Ê=< 10,2 ,
-7>

,

HPÂ ✗ FR11 __Ùà+iÎ - F53


