
MATH 10C: Calculus III (Lecture B00)

mathweb.ucsd.edu/~ynemish/teaching/10c

Week 2:

homework 1 (due Monday, October 3)

survey on Canvas Quizzes (due Friday, October 7)

Today: Equations of lines and planes

Next: Strang 3.1

:



Essie

summary : 1-et à and I be Vector in IR?

Then ûxii is a vector in Rs such that

• Û ✗ Î is orthogonal to both à and I (right - hand rate)

• IIÛ ✗ Il = HÛ II. HIN - sino with ⊖ = angle between ù and I

Consider a parallelogram spanned by vector à and Î

7
Î : Area (LT) =/IÛH - HIN - sino

! IIÛII - sino
i

= HÛ . ÎH
yo !

>

à

Conclusion : magnitude of Û ✗À is quat to the are a
of the parcelle /ogram spanned by Û and I



Volume of a para
/le lepiped

Three - dimensional

n
- - - -

- - - -

prism with six

forets that are

each parade /◦grams .

Volume =

Let à ,Î
,
À be Vector in IR? consider a para

/lelepiped
spanned by à ,Î , ni .
Area of the base =

Height =



Volume of a para
/le lepiped

Definition The triple salar product of ûiû and À

is given by
Theorem 2.10 The volume of a para /lelepiped given by
Vector Û

,
Î

,
Ù is the absolute value of the triple

scalar product

Entame Find the volume of the parallélépipède with

adjacent edges ( spanned by ) Û=H , -2,17 ,
F-
- <413,27

,
Û = Lois

,
-2)

ÛXÛ =

,
i. (ÛXÙ ) = L- l , -2 , 1) • (4,81-20) =

11--1 Û . ( Î×Û ) / =



Summary
Dot ( salar ) product : Û • Û = Uiv , + Uzvz + Us V3

• charcuteries the angle ◦ ≤ ⊖ ≤ IT between Û and Û

ii. À = HÛHIIIÎHCOSO

Cross ( Vector ) product : ÛÂ=(Uavz - Uzvz)Î - (u , v3 - Usv,) j' + (UN≥ -UNDÊ

• gives a Vector that is orthogonal to both in and Û

• its length giue the area of the parade /ogram spanned

by À and Î HÛ ✗ Ill = IIÛHIIÛH - Sin ⊖

Triple salar product of Û
,
I and À : ii. (Ûxw )

• its absolu te value gives the volume of the

parcelle kpipedspannedbyu.is and Û
.



Least remarks

If you
know trow to Compute the determinant of a

3×3 matrix , then the cross product of E- (uiiua.us) and

Û = ( Vi , V2 , V3) can be Compute d as

î j' Î
ÙXÛ = / U ,

Ua Uz | = Î (Uzvz - Uzvz) -J (Ui V3 - Uz V1) + Î (UNZ - Uzvi )V , V2 V3

Similar /
y ,
the triple scaber product of Û -

- lui .ua .us )
,

E- (vi.vzivs)

and Û - (Wi , wz.ws ) can be completed ces

U , U2 V3

Ù . ( ÛXÙ ) = / v , V2 V3 /=U , / Vzwz - Vzwz ) - Uz (Viwz - VsWi) + Us (Viwz -V24 )
W , Wz Wz



Equationforalineinspace
2- ^

To describe a line in Rs

we must know either

(a) two points on the line
,Q

go
- - - -

-

:-.
-

_

- - - - - - - .

'

or (b) one point and
i

.

-

Ï
. -- - -Ë Ï direction

.

=
.

-

-
- - - - - -

-

: >

Y 1-et L be a line
÷ - - - - -Go

-P

<
x passing through points

P and Q .

Point R Belongs to L if ,
i.e.

,

either À has the same direction as PÔ
,

or PÎ has
direction opposite to PÔ ( or ÂR -

-
Ô ) .



Equationforalineins.pl/ectors
Û and J are parallel if and conty if

( by convention Ô is parallel to all vector )

Given two distinct points P and Q
,
the line through

P and Q is the collection of points R such that

Simi tarly , given point P and Vector I , the line through
P with direction vector À is the collection of points R
such that

(* )



EquationforalineinspletP-lxo.jo
,
Zo)

,

R= (xiy ,
2-) and Û = Ca , bic >

.

Then

A) impies

G- * )

By equating Components ,
we get that the Coordinator

of R ( point on the line ) Satisfy the equations

G- * * )

If we denote E- (x , y ,z> and À := < xo
, yo , -20> ,

then

from (**) (* ***)



Equationforalineins.pt
a

,
b and C are all nonzero

,
we can rewrite (** * )

which (since t can be any real number ) is equivalent
to (*** ** )

Thm 2. Il ( Parametric and sym
metric eqs . of a line )

A line parallel to vector I = <aibic> and passing through
F- (xo , yo ,

Zo) can be described by the following parametric

equations :

1f a. b and C are all nonZero
,
L can be described by the

sym
metric equation



Example s

Find paraMetric and
sym
metric equations of the line L

passing through points F- ( 3,2 , 1) and Q = ( 5,1 ,

- 2)

First
, identify the direction vector ( FQ or ÔP )

Jake a point on the line ( either Por Q)
.

Parametric equation :

symmetric equation :



Distance between a point and a line
Consider the line L through point P with direction vector Û .

Suppose M is not on the line
.

What is the

distance between L and M ?

•

M
L

:# Theorem 2.12
.

Let L be a line

passing through P with direction

vector À
. 1f M is any point not on L ,

then



Distance between a point and a line

Example
Find the distance between M -- ( 3,2 , i ) and the

line x = 92-1 =
- Z

Identify a point on the line :

Identify the direction vector of the line :

Compute

Finally I



Relation ships between lines in 1123

et Li and Lz be two Lines in IR? Then the following
four possibilities exist :

(
Liandlzshareacommonpoint

YES NO

Direction Vector

/ YES E qua /
Parallel but notequat

of L , and Lz

NO Intersect Ing skew
are parallel "

not parallel
not intersect ing



Relation ships between lines in 1123

Example
→

,
: direction vector × ,

= < 1
, 2,07 , passing through Pilo , 0,1)

Lz : direction Vector À =L -3
,
-6,07

, passing through Pa = ( l , 2,3 )
L
}
: direction vector À =L I.

,
-1,1 > . passing through Ps -_ (-44-1)

① Li and Lz Û
, parallel to À , ,

therefore
,

L
,
and Lz are either

Write equations for Li :



Relation ships between lines in 1123

Example ② L ,
and Lz

( i ) Î = < I
,
z

,
O >

,
À =L h

,
-1,17

.

Are À and À parallel ?
Parallel if and orly if

this System has no solutions
,
so

{ direction vector are

L
,
and Ls are

(Ii ) Do Li and Ls have a point in common ?

If Q = (x
, y ,z ) belongs to both Li and ↳

,
then the

coordinates of Q must

satisfy both equations



Relation ships between lines in 1123

Example

✗ = t
.

{ y = at ,

and {
"= - t + s

y = 4
- s for some sit c- IR

2- = |
, 2- = - 1+5

Equate the right - hand sites of the above equations

If this system has a solution

{ then Li and ↳ intersect

From the Iast equation we have
. Substitut ing

into the first two equations gives


