
MATH 180A (Lecture A00)

mathweb.ucsd.edu/~ynemish/teaching/180a

Week 5:

Homework 3 due Friday, February 10

Regrades of Midterm 1, HW 1, HW2 active on 
Gradescope until February 12, 11 PM

Today: Expectation

Next: ASV 3.4



Expectation

Let X be a discrete random variable with possible
values tita ts .... The expectation or expected value

or mean
of X is

ECxJ:=EtjPCX=tj) weighted average

Let Y be Ber (p).

ECY
)=1P+O.C1-P)

=p

You toss a biased coin repeatedly until the

first heads
.

How long do you expect it to take ?

N- the time the first heads comes up
,

Nn Geom(
p)

ECN
) =



Examples . Binomial

Sn - Bin(hip)( Sn=XitX2+ -.t Xn forXj independent BerCp
))

ELSn)=



Examples . Poisson

X ~ Poisson (1)

E
(X)

=

Example A factory has , on average , 3 accidents per month.
Estimate the probability that there will be exactly 2 accidents

This month
.



Examples
Toss a fair coin until tails comes up . If this is on

the first toss
, you

win z dollars and stop . If heads

comes up ,
the pot doubles and you continues. That is,

if the first tails is on the k-th toss
, you

win 2" dollars
.

What is
your expected winnings?



Expectation of continuous random variables

discrete
,

Xeşti
,itz

... } X continuous PCX-t)=o for each

ECX ) = EtkP
(X=tx) l with density fxlt

)

EERR
)

Example Let Uniffcaib
3),

H
:

Baloctsb{
o

,

otherwise



Example

Q : shoot an arrow at

a circular target of radius 1.

What is the expected distance

of the arrow from the center
?

a
)

1

b
)

}

c
) È

d
)

Yu

e
)

o



Expectation of continuousrandom

Example
Consider function flt )-/0,tos

,tsl

Is flt
)

a probability density?

flt)20 {
p

f(t)dt=

suppose that X is a random variable with PDF fx =f.

What is ECx
)?

ätfx (tdtECX)-



Expectations of functions of random variables

X

szRIR composition gCX)=gox
random function
variable

Example X-Bin(nip) is the number of successes in n trials

gCX ) =Y is the proportion of successful trials

gCX )EŞo,ñ,5.".... 7=13,

E(g(X)) =

or discrete random variableproposition iy

=g
(x))

(E

Note
, by definition Elg(XD)=EtPCgCx)=+)



Expectations of functions of random variables

proposition For a continuous random variable X with

density fx

E(gCx)) =

Example Let U be a uniform random variable on caibj

Then
ELÜJ= fu

(t)

=f Ba , telabs
o

,

otherwise

=

Important class of functions: g
(2)-xh

discrete
: ECX ")=EEPCX=t), continuous:ECxr)=ŞEfxCtJdt



Expectations of functions of random variables

Example ( Car accident linsurance example)

An accident causes Y dollars of damage to your car
,

where insurance deductible is 500 dollars
.

Yu Unif(
C100,

15003). What is the expected amount you pay?
X = amount

you pay
=

Cneither discrete
nor continuous )

ECX
)

= ECg
(4))

=

minst ,5oos-St.
tE

100,500)

500, tEC
500,1500)

Yoo 500 ¿500



variance

Jefinition The variance of a random variable X is

first computeU =ECX), then compute ElgCxD ) with glt
)=

(
tMJ

if X is discrete
, Var CX)=

if X is continuous
, Var

(X)

=

o

The square root of the variance is called



Variance
. Example

Example X - Ber
(p),

ECX)=p

Var (
X)

=

=

=

Example U. UnifCaib
), ECU

)

= at

Var(u):



Alternative formula for variance

proposition . Let X be a random variable
.

Then

Var (
X)

=

( For continuous random variables ). LetM :=ECX).
Then

Yar( X)=ECCX-MB)= ŞtMPfxct)dt

=

z

=
Example

X - Ber
(p),

ECX )=p.



variance

Variance is a measure of how " spread out from the mean
"

the distribution is.

proposition Let X be a random variable with finite

expectation ECX )M. Then

() Exercise

$4
l

Assume X is discrete
).

Yar(X): For allt
,

For all t either or soif

therefore
,



Expectation and variance of aX
+b

Let X be a random variable
,

and let a
,

be IR
.

Then

i() ElaX
+b)

=

ii
)

Var
(aX+b)

= if ECX
)

and Var
(X)

exist

proof (i) homework

ii
)

Var(aX+
b)

=

=

=

=

z



variance of geometric distribution

et X. Geom (p). We know that ECX)=

ECX
')

=
EKPCX=K) = EK- PCrPJK " =

=

( = R2 1 =

=

z



Random variables. Summary
Discrete continuous

Finite I countable set of possible uncountable set of possible
values

.E PCX
=t)

=
I

values
,

HtEIR PCX
=t)

=0

PMF: PXCJ=PCX=t PDF: Fx : IRTIR

PLXEB
)=EB

PxC
)t PCXfB

)=BfxCtJdt

CDF Fx is a step function CDF Fx is a continuous function

Expectation: ECX)=ETPLX=t) Expectætion
:ECXJ=ŞptFxCtJdt

ELg (X)) =2
gIt)

PCX
=t) E( g(X)) ={

pgCHfx(t)dt

Relation between CDF and PMF: Relation between CDF and PDF:

magnitude of jump of Fx att is fx lt)=
Fxlt)

on the intervals where

PCX
=t)

Fx is differentiable



Random variables. Summary

Fx is li
) nondecreasing

,

ii right-continuous

ii
)

lim
ting

Fx
():0,

Iimite
Fx

(t) =1

2

ariance
:

Yar(
X)=ELCX-ECXIP)=ECX)-ECX)

=(
aX+b)

= aECX
1+b.Var (aX+b)= a Var(

X)


