MATH 180A (Lecture AQQ)

Today: Expectation and variance of sums.
Covariance and correlation
Next: ASV 9.1

Week 10:

o Homework 7 due Sunday, March 19



Liheariﬂ of exPQC'\'o.—h'on
Thm  Let X Xn be rondom variables defined on The some

Probab‘\\\"\'a space . Let 91 §eu- 9n be. funchions of one variable.
The _
n I;( 3\(X\)+3:(Xz)+~-~*3n (Xn\)\
= E(§iOW) + E(ge () 1= = E(gu(X0))
In P&V*icu\&r ( B (Kt Xn) =k (Xq t-- v BEOKW 3

\M\DOCXYO«\‘& : ]ﬂAe\)QhAthQ does ot wotter

EXPec‘ru‘riOh of o sum = sam of expac fotions

ALWAY S Y



Lir\eou‘iJrj ot exFecho.h'on
Example ( Binomial disteibution )
Let Xi Xn be inde?ehéen'l( rondom Variablks K~ Ber(p)
Sn= Xt t Ko, Se~BIn(np). A A s
E(50) = E (Kit Kot ¢ Ka) = E(R )= E Q&) = pr = mp
Exo.m?\e Adowm must puss both wetlen dest ond coad fesf for his

deivers license. He passes wriffen fest with Pvubab'\\\‘*j © 1 independently
of other tosks. For fhe rood Hest the ?co\ou&{\‘\ﬁ of success s % ]
What 15 the ofal e.x?edeé nwmbet of Fests Adom must foke befoce
eacning his  license X~ Geom (o ) I\’~6€nm(’—°:'5)
Denote  X=# weiften tests before he possse S E(X)= l:’ CEM)= %

Q

VX road tesds befoce he ‘)&SSQ} EDU—‘{} = —':— + '—:,-
E(key)-"



Ex?ed&r{on of @ product of independent condom yocizbles
Thm | Let Xy, KXo be independent rondom vaciables
Let NIRRT be {unc'{‘iom of ohe variable.
Then

E(S (X\\) SE (Xz 3«\()(@3
- E (5. 00) E (50 ()~ E (300X

4

Corollacy  1f Wi An are independent, fhen

Var (K¢ Kot v Xa) = Var (X)) t Vac () e « Nar (X,



Norionce of o sum of independen} random variables

Example
PD\\Y\OW\{O\\ \ X\‘.-WX(\ iK\AQPQﬂAQY\‘\' ith*(C&\\\j d\'\ﬁ(“\buﬁc\ (ii&)

X'(“'P,)e(‘(\)), \[mr (X(): P(\'?)\ Sn= Xrtw-\ Xh { Sh"'(}.)(n(\'\\‘)ﬁ
\]Qr(gn\ > \/af()(.f)(zt--*)(w) :\lou'(Xu) -+ \ag (Kv\\ = hF("P)

SGJY\P\{ meont X o X in&q\)enégn* iden\(ca‘l\\j disteibuted (i)
E(X\B"‘/b\\ \or (X{\: 6"

E(X”.;\*Xh)= /“ ‘ \IM(X”-;*X“)——L\IM (X”_ Xu.)

Lot S
o n -6 =

il



Cowar aanCe

gu?fose 'ﬂ\m" WNe (’\OU\JQ v random Vav(&b\e X

° E(X) - meon volue anverage ot oo \a,rjg rumber of

‘mée\penéanjr cea lizatrong
e Var(X) - varionce Fluctuations of X, how for the
cealizations are spread afound The mean
Covariance desccibes SJWQV\SJV\\ ond  type of dependence
between 4wo roandom variables .
Def  let X and ¥ be random variables defined on he
some Fcobq‘bi\ﬂj space . The covatiance of X and Y s

&'Ner\ ‘)\3 CO\/(X.\Q‘-’ E((X-E(K))(\!-E(\/H>

Com‘)u{'Q'&\.OV\S: Cov (%ﬁf\ = E(X\i) -’E(%)E(\/\)



Conotlance

Example Let XY be discrete fondom variables with

The jo‘(r\'\ TME P(X=\<\\f:€> S‘NQV\ b\j the Hable

NCIREE

- o.l{o [0l |02

O 0% 10.2|10 |0.%

| 0 (0.2 (0.10.3

0.4 0.4 0.2
E(X3=(-l\)-0.2 +0:-0.85+(|-0.3 =0.|
E(Y)= 0-0.4 + 1O.4+2-0.2 = 0.8
B(XY)=(-2) 0.l +102+2:6.({20.2

Cov(X,V) = 0.2 -0.108 =0.12



Some  hewrstics
By definition, Cou(%,¥)= E[ (X-E(x)) (V-EM)) ]
° (X-E(X)\(Y‘E(Y)) 1S ros'\Jri\fe_ W
(X-E()) ond (Y-E(Y)) hawe the same sign
° (X-E(X)\ O/‘E(Y)) is negoch\m_ s
(X-E(X)) and (Y-E()) hawe oFFos(%e RELE

Thus,
o Cov(X.¥)>0 weans that on anerage K-ER) and N-E(Y)
hove fthe sawre Sign Fosi{"we[j conre fafed

° CO\I(XN)LO Means "“\0\'\ on QNQF&SQ X*E(X} and \/~E(7’)
howe Oﬂoos:’rc s(dv\s‘ hejo_ﬁ\re(7 conrolated

o If Cou(XN)=0, wa say fhat K ool ¥ oxt  wnwoelated



EXamPle.
et (X.\/) be o un{{ormlj disteibuted  coandom Po'm{' on
he ‘\‘(‘Q.?QlOiA N\‘k‘r\ verfices (0 0) (2.,0), (1), (0.l>

ls Cou()(l\/)
(a) FQSH"NQ 2

(on) () T

(&) hatjoﬁr Ne

IQ‘H'\'\' Qlens;"\"j: -F(llj)-: % 4‘0(\ (xuj)e T
E(X)= fgﬂ % Axéj =g:' E(\/>= S‘j g - %A“Aj _ %
T T

E(XY) = [[xy-5axdy =3



Uncorrelated s Independent
e X and Y are ‘mde?endehjr = Cov (X, Y)=0
E(xY) = BEOOVEN) = Cov () = B4 ) - EQVEN) =0

® CO\I(X(\{)=O 7§ X and Y are ‘mcle?er\dev\'\'

EX&ME\Q of crandom wvariables )('\/ Mot ore D,Oi
ihAePehAan\'\ bud CQ\I(X'\/)z'O

Let X~N(o) , Y= X', Then
E(X)=0, EM)=1, E(X)=0

Cov (X Y) = E(RY ) - EC)E (V)
= E(X*) - E(X) E(X‘)= 0



\/oxiuxcg OQ . sum .Pro ?e(‘{'{es o{: Ccovariance

Thm  Let ¥, ... Xn be r&hclom variables with finite Variances
Then (ZKB— Z\SM(X)J&—ZZ Cov (X, J)
N (CLchn

For Q)(&MT‘Q Nar (K+Y) = Ve (K) ¢ Naw () =2 Cov (X‘\,>

Propesties of covariance -

o Cov (X,¥)= Cou (¥ %)

o Cov(aXtb V)= aCou(¥, ﬂ

« Cov( Taiki 7 b vj) el Zb Cou (%1,

(=1 \)‘l =\ \S-‘
b\‘\w\,e_cvuf



