MATH 180A (Lecture AQQ)

Today: Correlation. Markov’s inequality.
Central Limit Theorem

Week 10:

Homework 7 due Sunday, March 19
Office hours next week
YN: Monday, 1-4 PM, AP&M 6321
SQ: Tuesday, 2-4 PM, HSS 5056
TG: Tuesday, 5:30-6:30 PM, HSS 4086A



Corre lotion

Covoriance s nod PQW"l'(Cu[Qr[j jooé for e\;cx\uqJ({nS
‘ﬂ—\q sjﬂ‘er\jﬂx og ‘ﬁ\( de?endev\ce:

. S\LEFQSQ fhat Cov (X Y) =1, then Cov (10X 10Y)= log |
but 'H\e defen&o_hm between X and VY g the some as
dQPtheme between (@ X and 10V,

Solution: normalize covariance — corcelation
DQ‘F LE’_{ X(Y be (‘OJ\Q\,OM \IM;&.B‘Q% IVQ/(' (x)“"’\\/(lf(\”ow

The  correlation (COQ_‘(\‘F\'C\QV\J[> of X ond V is j]\f@n bj
CO\I (XI\’\
N o (X) N (V)

Cocr (7((\/)= ?(Xﬁ/) =




Peoperties of cocrelation
Thm Let XY be random vaciables Nor (X) 4o, Noc(y) <o

° Covr(a)(+(o,\/)= %Corr(x,\/)

° = éCor(‘()(,\/)él
o Corrc (X‘Y)=\ { ond or\\:/J N N=aXtb | a>0
° Corr (X,\/):*l |€ end Dn(d II; Y=aX+b | a<o

EXQW\\D\Q Lot XY be random variables saJr\'sij(nS
E(N)=2, E(N)=\, E®*)=s E (¥*)=10, E (XY)
() CQW\\D&L’\'Q Co(r[)(l\/>

Nor(X)=5-2"=1  Nac(¥)=3 Cov(x )= I-2:1=2-)
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(6) Find ceR such that Y and  Xn cY oxe wncorrelated.



Moment 3evxe_ru‘\ir\3 function of a sum of \néeP. R\s
Dedi (Comvolution of distribufions - Section 1)
let X and Y be condom voriables. Then The distribufion of
X+Y s called Fhe convolution of dhe distribations of X ond V.
I X and ¥ ore continwous and H; and £, ore +heir  PDFs
Hhen the PDF of X4Y ¢ given b‘j

L ]

.,.00
L = Hefy ()= [ @ f 0 du- | Beg)fy) &
(simi\mr formula. For  discrete roandom \!0-(‘inqu>

H\ X and N ose ‘\née?en&en%‘\‘{ may Do eosier 4o COW\PQ'\‘Q
e MEF



RVs

Moment genecading funchion of a sum of indep.

Let X,Y be \\nde?enden* random variobes .
Then the MEF of X4V s

E(e"")-
Mxt\/ (Q =

) X~ Poisson (1), Y~ Poisson (F\ . ]r\dq?gnclenJr ,
Distribution of XY f)

Z) X ~ N(r\. ‘G:\ . Y~ N(}~\1(€11> ‘ir\éqi)zhcler\".
Distribution of Xty



Esfimating tail peobabilidies

Suppose that X0, E(X)co What con we soy
about P(XEC_} for <o 1
Thw (Mono\'or\\\cﬂj of ex?echJﬂ‘or\)

o £ P(220)=1, then E(2)20

o £ P(X=zY)=1, then E(N)2E(Y)

Moacrlov's ir\eﬂum\ilrj:
\—F X 15 a honhejcdi\fe condom variable as. (1.e. P(X203= \),

ﬂjhu\ -Por a.nu; C%>0o P(XZc\ < _E;(ﬁ\

C
PPQO'(;, X= X"l 2 X'/-“-{XZCS 2 C /ﬂ%(ECS =) XZC/-R{XECS

no no“-

=5 EX)>2 E(c/ﬁ{hq\ < c BE(Agnq )= P(Xz)



Estimating tail probabilifies: Chebyshev's inequality

C\'\e\bjs\w.\f‘s ‘\neoluox\\.lrjt
| £ E(X)=/u Var (X) =67, fhen or any Cro

P( X/“\7C3L_—‘ Ve dd e

—

Prosf . P(1X-plac) = PG ,«\ ) o EC) ;

o PQ("\'\.CU(Ml (X).A>C3 P()(f,\4(>

Qam&f\l-. MO\('\LO\J /Cha‘otjs\ne\l '\r\ejucx\\“{'(es ofe SQMQ‘HW\QS

aseful ' bul tof Q\NQBS.
Let X~ Ber(‘)). P(Xz2 1)< P(X2001)=P(X=y)= P
Maoclon's ‘mec\ua,\(-\"j: P(XZ\Bé E$q= P(X?Q.O\}— :{_)_ KOOP

‘ 9.0\



Estimating tail probabilities: Chebyshev's hequality
bX&MP\ Swmaose X ~ Ex?( \ Estimaite P(X>Q3

E(K)=2  Nar(X)=4
o Morkov: P(XZG) < 36:

1

A
3
. CSF\Q‘DBS\\QVt P(X>é> P( 2 2y )éiﬁ? = ?‘

\
-1 ;
« Exact value: P(X2¢)=¢e? - € = o.05

EX&MF\Q_ X = aomound of Money carned Bj o food teuck dal lj,

From P&ij exFe(‘\U\ce Ne  Know E(X\ 5000
o Markou: P (X27F000)¢ EX) _ sood _ £

T Fo0v 3009

SUL??ASQ that we add hoho(j lknow  thad Vas (X)= uSoo
+ Chebyshes: P(%2%00s)= P X-s000 > 2009 ¢ L = 0.0

(200::




Wealk Low of La‘rﬂ& Nuwmbers
Thn Let X, Xz, be independent and identically discibuted
random voriobles with E(Ki)vx and Nar (Xi)zGZ ./A,szeﬂi
Let Sn=X+-t Xn_ Then Hor Gy £50

limn P(

n-—> o0

%‘-)\,14 s >=\ (-S;" Converges +o /.m n P(‘obabil\'Jrj )

l—:(%)T (by lineocidy) |, Vac(32)-
Bj U\Q\v\js\\e\l‘s ‘\heﬁuu\iﬁ
i

fr_og{;, Er\ough “'o show '“\Q\ L P( \%‘_ -/u >E>=0 éomP\QmQ"'\:
s
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CENTRAL LIMIT THEoREM (CLT)
Thm  Let X‘,xz\ - be iid. random voriables with E(X)=p,
Var (X1) ﬁelll §5o0. Let S, t -t K

Then -For 0Ny o be R, ach

b
limn P(a 4§2L3ﬁ ¢ B> =P (b)-Pla) = jé—;‘ e *de

- & (n

o exactly fhe same statement as for Xi~ Ber(p) (Section i)
® or\\\j need ‘H\e |r5+ —hoo Mmoments

o CLT describes  the Fluctuations of S, around M
which e of ocder {0

o CLT 1 o fomi l‘j of Theotems (‘H\ere Moy be different

of More geneCo| ossamptions obout (Xi) )



AFPl{cu+i0ns of dhe CLT

E\mrj morh\hj You woke Gep ond start Hossing o four  coin
ontil the flest Touls  comes p. Estimate The frobah\\nLj
Jﬁ\q*\ n ‘k\m {:rﬁ |90 dmus ot ‘ﬁ\ts e.xPu*\mszr 3ou “oss the
coin ol lkast 220 times (in Fotal ).

109

Denofe K= # Hosses on duﬂ L, Spes =Z KU =4 Hosses adter 100 dy
~ Geom (Ji>‘ E(X)=2 , Var (X{) -2
PS> 220)= P < Sio = 200 220—20e>= P(Smo ~209 ('i)

o- 2 T o-{2
|- P(Z )

The on\j relevant infocmation is exeedod'\on vourianee | mc\o_Pendqme_

\{: \’\\\}2 _ ore L1 wifh E(\f\ 2 \(ow L\f) 2 _“\evx P(Z\Il>l2o>~ [~ SP[(E)

(XY
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Proot of —he CLT
Thm (Conﬂnu['tj Fheorem Ffor  The M6F)
Let X be o candom varioble with continueus CDF

Suppose that the MGF of X' M. (t) fs finite on ) for

ome, E>O.

SUJFPQSQ T}\Qlf \’, ‘\fz(__, be SCCI\AQT\CC of rondom vo.tiables

b that .
suc l\m M\ln (JC\ - MX ({-) -Fér all te (-€,€) .
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In pachicular, if X~ Nlon) , Mct)=€% and My () 7 €”, no

’ﬁ\u\ ‘(:OF an e R
150 P(he) = Pl) | noe



Pooot of the CLT (te 2) 5 &t
Recall that Xi are iid. E (X(§=/u  Nar (Xi)=6"

Sn= Xito+ Xn. We want 1o Q{:P\j The cOthinu{Jrj Theorem
for M&F 1o Yn:_s_ﬁﬂﬁ‘- . Compu:l‘e The MGF of Ya

€ {n

-~ S (ki) NE(Kimp)
M\,h&):E(Q )=E(e{ caw )E(ﬂ@, ~6 >

:\ﬁ (ee“g—%’ﬁ> [t(e o )]
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My () = [|L f‘;%\} — % now



