MATH 180A (Lecture AQQ)

Today: Conditional probability.
Independence
Next: ASV 3.1

Week 3:

o homework 1 (due Monday, January 23)



CondHional Probab(\{Jrj

Def  Let Bed SOTHS‘EU P(BY>0. Then Hor all Aed
"{\\Q conc\'\“ﬁono\\ Pfobub'\\i“’j o( A 8\\Iah B S C(Q*F'\mé GS

- P(hAC®
P(a1®) - BEESH

1§ P(R)s0, then he condi Hona| P‘i‘obabl\t"‘rd P(*\B>
soatisties oll the P(‘OPQ(”RQS of P(oba HHU
GXIOMS ot Pmbqb \\‘r\tj Probq tb] ot The complement,

monoJmmcHrj inclusion - exclusion ..

Remark [ Q is finite and P is uniform, fhen

P(AIR) = i{;f&




MkLH\.P\(cQ-Hon cule

. _ P(AOR)
E\‘j de fiaifion  P(BIA) NS

= P(AOR)= PA)- P(BIA)
For AOBNC @ P(AOBNC) = P(AB) P(CIABY) = PAIP(AIB) PR

= mu,\"rip\(ca’\'ion

rule

EX&mP\Q An wen contons 4 ed ball and
°o® 6 blue balls Two balls are BQMP\QA
:..:Q. N'\’Hf\ou'\ VQP\QCQMQM- NSRS +h e

.P@obc\b}\ﬁj thad both ace ced?



Two r S“'aqe ex\oar‘( N\Qh%&
U 1
° Feﬁform an exferimenf‘ measwCe o, (andom outcome

° Fe_(‘-Form 08 SQcor\Ql QKFQF\MQY\'\’ w\'\ose Se'\'u.F de?ahés on

-H\Q ou:\'come of( ’ﬁ'\q ‘F(C.S\’l,

Exomple

o ficsY choose an urn ot candom

.‘ ®o0 o Then SOL(Y\\Z)\Q o ball at rondom
©e
® /a @ /% feom The chosen wen
Q: Whot s the peobability that Hhe sampled ball is red?
K={S&W\P\€’_ (‘QA b&HE) A={C\'\OOSQ urh ALS (P;:{c_"\OQSQ ufn B}



Law of Total Probab(hljr\j
Let B\\Bz‘,u(gh' be FQF'H'HO('\ of OO

(e, Bl are Ais\jo‘mjrl BUB; U uba = 8L P(B;)>o>'
Then for Q_\IQ(:] event A

P(A)=P(ABR ABLu— 0 ABY)

X

B [B2 /) By By [Bs /B \B2 |

Exomple 307/ of coins are fair, 3% are biased Ho come p

heads €O/ of Jr'urv\es‘ '/ are Diased 4o come wp heads 807, You
L£ind o coin on the stceet.

How \i\Le‘j s 11 To come Up hea d<”



Law of Fotal Pro‘ac\b([\'h
Define A ={coih omes wp heads § | B ={ coln is faic §

B2 ={con {s 60/ biased | By={coln iy 804 biased |
e B, B, By Horm o ond

o P(AIB)= P(AIB:)= P(A1B5) >
Then us'ma The law of “otal P(‘o\oqb}\[i\j
P(A) =

—
-

Ancthe ¢ Ciuesjr'\or\: In the same se_H'ms . You find o win and

Hoss 1. 4 comes ap heads. How likely is it that Ahis coin i
g0k biosed (heawily biased)?



[mportant remack

We know ‘ﬁ\q* P(A\E)53=O.8.
What can we o4 about P(Ba | A)F).

GQHQFQ‘lj SFQQ\Lir\a )

Example Accocd(nS to Torbes | there ace 2668

billionaires n fhe world 22573 of them are men.

E xam P\Q_ ’P(‘OSec_u\‘l'O(“S 'Fox_“oij-.
E = {P_\Iiéqr\cz on The defendant l]
1= defendant is innocent L




Bages'’ Rule (re_\o:\'(on befween P(AB) and P(B\A)}

P(BIA) =

This formulo is offen  wsed with the law of Hotal ‘Jrobcxbi H\\J
Let B, B2, ., By be « Par‘ﬁﬂon of he sample Space CThen For
ony event A with P(A)>o

P(BeIA) =

Example . A={coin comes wp heads§ | B ={ coin is faic§

By ={coin is 60/ biased | By {coin i 804 biased]
Given: P(B)= ,P(®)= P(Bs)= P(AIB )= P(AIB)= |
We have compuied that  PAY-= :Z\P(B\W(A\B;)=O.S\ZP(A 1B)-
Then



E’>o.x1e5‘ rule

EXOJY\P\Q—

SuPFose that o certoin Aest (e.j,\ wrus X 'hay\’\) IS

99°/ oaccurale (14 Hfalse FO\SH'\\RS‘ (. False he\fjo:](\reg>_
0.257/ of The Pafu‘o\‘\'\"o\'\ have Hhis virws |

You Aest Pos{‘h\ie. What is {he \Drolaab{\\'Jrj you hone This virus !t
(o) 99°/

(b) 20
() 1%
() 0.3

(e_v ho‘l‘ Qnoujh '\\\'FOFW\O\"'\'OH



\Y)
aml M fest FosHi\!e
\/ Even Jr\r\ouj\\ ohl:j WA
of individuals in V©

3&“' ({a\Se) FOSH‘NQ_
test resalts, 1t is shill
:\\ times more ?QOP\Q
ah 39° of individuals
oV Fhot Fest Fo‘sH-'\\m.

Resterior ?robubl\fﬁ@
ot 1f wse highly sesifioe
&)r“\m‘ “\n?uﬂ-s‘.




The Mon'\\&] Hall Problem

You P\Qj the —(o\\o\m'nj gome. There are fhree doors.
Foch door hides @ prize. Behind one doer fhece
s o Car behmé ‘\uoo D\'\'\Q(‘ doors - jOQ_\'S,

(not open)
\/ou C"\OOSQ one door. _\—\\Q \'\05+ O?QT\S ohe o{ ‘ﬂ\e

-
=

doors gou dd not choose re\rea\(na o jooﬁr. You. cure
how guen a Possib}\{¥j o eithec stick widh your
Of\ks'\r\ow\ cholce o swifeh Fo The ofher closed deor.
Should Yoo switeh 1 (@) Yes () No  (© Doesnt w adfer



The Moh‘\u\ Hall Problem

LQ.‘%S call fhe door jou choose # (. |n This case Mor\J(j

will open door F2 oc door #3, Suﬂmse Monty opens #2.
B = {“ﬂw car 1§ behind  deor #0
A= §Mon+3 opens door #214
We want o Loew

P(B5IA) =



Independence
We ho.w& Seery  How \Lhowivxj ‘h\qj( event B occwrred
Moy chcmje The ?ro‘cmb}\(irj of event A P(AYv.P(AIBR)
What If we have Two events A and B that have
ho'“r\'ma to do with each other ?

.( A ond © ((\oudc ‘(\QJV\'\\V\j o do with cach other s not
—ﬂ\Q Same oS 7A\ O\V\& B bQiV\ﬁ d('s\')@"h“‘ \

E_Xa.mp\Q_ F\\? o coinh 3 fimes A= ﬁ\r\e LiesY cown s he&éss
B = {fha second coin is tails §

ﬁ={ BAR, HRAT, RTRH, HTT') The fiest doss hos no influence
B={TTT, TTH, HTH, KTT)  on fhe second fess



\ndependence
Def Two events A and B are (S‘\'Q‘h'S’\'\‘CQ“U) '\ﬂdePehden'}
it

ExamP\e

An urn has 4§ ced and € blue balls.
::: Two b;ﬂ\s e SQMP\Q&.
() A= 1T ball is ved
B2 ball {5 bluely
Aee A ond B '\h&eFandthr R
() Mes
(5) No
(0) Not enough whormation



lhde{ly_hde hCe

E \
Xa.mnple An wrn has 4 ced and € blue bolls.

." Toos  balls  are SQMP\QQ!.
" ' — 5-‘- { . T nd .
A= {1+ ball is tedy B {2 ball is bluel
Ace A ond B '\h&e?zndzh* 1
) chosse  balls with re_?\qcemeh‘\

P(A)=
PCAOD) =

P(®)=

2\ C‘f\ODSQ ba“s W\‘\'\\oa.(k FQP\C\CQW\QV\{'

P(A)= P(AOB) =
P(R) = A ond B ore



