MATH180C: Introduction to
Stochastic Processes Il

Today: Stationary distribution and long-
run behavior of CTMC
Next: PK 2.4

Week 4.
* HWS3 due Saturday, April 29 on Gradescope

o Midterm 1: Friday, April 28
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LOhj cun behavion of dJdiscrete time MC. .Su.mma,(‘j
let (Xh)h?_o be o disrete time MC on {0,.., N} with
S‘ta{:ionarj tronsition Frobo.bn'h'{-xj motel X P=(ch):}=a,
+ Pis called reju.lew if there exists k such that [P‘J(\-Jvo
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L_ON) run  behavior of continuouy time MC.

X‘t € {0\"'\ Nl']

let (Xt)kzo be oo continuous time MC
ond et (¥n)na s be +the embedded ju.vv\P chaun .
Qet (A)eso (s called (ereducible s JU”MP chau'n

(\l“\nzo 5 (reeduch ble (consichina of one CQmMM'coHcivxg doss>

T\'\M, \f (X-l:)tzo is (rreducible , then
P\-:‘ (‘t)> 0 for al l‘(j and t>0d
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Loho‘ cun behavior of continuous time MC

Remoarks: (Contirmous time MCs are “QPe.r‘(od\'c_"

AlL irre ducible continumous time M™MCs ore "reju.(mr"

Exomple. Expmy (\f»\ )hzo has fcr\‘od 2
oo .
| \3 z p<X’€:° \X°=°)>P(Su>{)=e>0
Rolt)

T\‘\W\ ) |£ (Xk)tzo s (rreduci ble , +than Thare exists To,..-, Ty
) Ti>o, 2 W= | T. T T, _ Tu
T \iM P(_k 4 Tl[o T, Tz -~ Ky
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T s colled Limi‘\’iha/ﬂ'a‘l:(onaf\) /equ(‘“br(um distetbu tion of (Xt)



L-Ohe‘ run behavior of continuous time MC e P )

Remacl about 2): mQ=0 is eo]u.ivo.Lewk to TPH)=T V¢t

=) |f TQ=2, then usin \Lo]w\oaoro\l bac k ward e?uo‘thh
(Ter\ TP ) ThQPH)= 0
so  TWPHE) s LndePznclevx+ of t. Since P(0)=T , we cj.e’c-
v E TPE)= qP() =T~

() If TwPH)=T ~ then (WTP(HY=O- Usim) olmogorov
Lorward eiuq‘tion
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Exomple : ~Two-state MC |

®:<—\ l>
(v ) (‘\\ ~‘\> = (0 0) 6‘0 |t
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LOhC' run behavion of Jdiscrete time MC. Su.mmour‘j (Z)
Let (X")h?_o be o disrete time MC an {0, 1, 3§ with
S'tOLJC“O"‘&"‘J tronsition Frobabu'l\'{-y mate P=(ch):,}=o
Define Ri;=min{r: Xn=(} omi=E (R \Xo=() meen durotion
between visits

Th“’\. "F (Xn)hm is recwrrent irreducible qurioA(c. than
)
(n) U rdas ) M\) J
£ Lim P('j >0 Jor some (QU)), theu MC (s ‘:oslfivq reoarrent
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Long run behavior ot continuous time MC (2)

let (Xt)ho be o contiwuous time MC C Xee fo ity
ond et () be +th. ewmbedded ju.m\; chaun .
Define Ri= min[t>Se: %= 1],
mi=E (R | Xo=i> — meoh return time from  to ¢
If mico then © is positive recurrent (class property’) .
Thm ) 14 (Xe)ezo s (rreducible | Then
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n which case TTJ‘-.ITj‘ and (TYJ);Q is called
(A‘m'-tiv\cj /s’ra’u’ov\ar\) disteibution .



Remoarks

1) Until now we discussed On'j the tronsition
Frobab()i—h'es. But (h order to describe c,ompletetj MC
(X¢) we need odso v/ 5} Cn'\Jc\‘oLl/st.rHv\tj distribu tion

V=(Vo Vi ), V= P(Xo=i)

he) — (3.@)

2) Disteibution of X, is S'NQV\ b\a N P&,)

P(%e =)= (NP
More 3Jamra\\~.]

P(XQ = Lo .X(—_\: Loy Xtnz {“\ -
3) Stationary distetbution remadns Ut-V\C‘f\Oﬁeé, tn time
TPH) =T = ><,°~ T Pren X‘t”“PH):T\‘



Remarks

4) S(m(lar\\j os (n the discrete cose LY

Y Ffroction of time sFavx’c (n stote j (N (ov\9 Cwn

\ l I :
|(M E[_T_‘ cg/-“\(xt_:\"]] d1t [ XQM] = Tr\]'
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T
(Com?c\(‘e with %\L‘I:a E[ = éa /U{X-ﬁjﬁ \X°=L] = TI;J for

discrete +ime MC)

5) If we can find (TO)i, such that  Tiqij = Tig;
{hen  (M)no satishes TQ-=0
lndeed j{n-; gy =, J?Eac“ -0 = Jgorrj 9;¢ = (TR,



\What You should bkhnow for midterm | (mininmwmn ).

- dedinition of continuous time MC A Markov PPOPQrt—'D\
transition Probab(h"c\‘as , Senaro:tor

— rePresen\‘od‘(ovxs of MC : (nfiniksimal (S.Qmem‘\-or\
ju.w\? ~and- hold | transition probabilities, rate diagcom
ond relotions between thum (in PQ(“HCLUW—V‘ Q and P(’C))

_ comPuﬁV\j absorption Probo.bil({\'es ond mean Time
to QbsorPt\'oﬂ

— Qom\guﬂmj S‘fu‘donu.ru} distributions for  fincte and
(nfinde state  MCs wnd wnterpretation of (m )i,

- bosic Fro‘xr‘c'\es of birth and death procasses



