MATH180C: Introduction to
Stochastic Processes Il

Today: Asymptotic behavior of
renewal processes
Next: PK 7.5, Durrett 3.1, 3.3

Week 7:

* HW6 due Friday, May 19 on Gradescope
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Proposition . Let N(t) be o fenewal process with (nterrenewal

times X hwim) disteibution . thare exist >0 ond Le(o)
such that P(X]>C>7ok "t\y\ah

Proot: Recall that M(t) = Z P W et) Z P(ZX c{-;> <)

k=) J-—\




Exomple : Age ®placement policies (PK, p.363)

Se{:t{no\:— componevx’c's Lifelime has distribution Hunction F
J

- oomPonevac is re‘;\acaé
(A) either when it fals |
() or ofter re_mc—h(h3 age T (qul\
whichever occurs first

- replacements (&) and (B) hove different costs:
r‘ePlo\cemew\’ of a fouled comPohev\{ (M) s more

e)c?av\s(\/e than the Plu_nnevi rcp\acement' (®)

Question:  How does the lohj-—rum cost of FQP(O.(_QMQV\‘t
ale,Pe_vxd on The wst of (A), (R) ond o.aaT?

What is the optimal T that minimizes
’t\!\Q Lowj——ru.\r\ cost of Fep}uc'_&lmamf 7



Exomple : Age mplacement policies (PK, p.363)
Notation: X; - lifetime of (-th CQW\PoheV\JC ) Fx: ()= F (&)

\/L - times b{‘twte,vx 'Fo.(\u.rcs

Yy / ! Ya / ; \/7 /‘- ;
_r'o_; jure Do lure Qo.tlul s

Here we hove Two  renewal| processes

(l)rcnzwu\ P'rocess N({) jev\eroctecl 57 renewel £{mes (WC);\
(2} renewal pfocess Q () 3ev\<m’ceé bj lotercenewal £imes (\/i\;
N{t)= . Q=



Example : Age replacement policies (PK | 5. 363)

ComPu‘te the distrdbution of the (nterrenewal {imes for N (&)

\l\)!‘.-\/\“-n ={ , SO

Fr ():= P( Wi- Wi sx} = {

I qu‘c\'cu\&r |

E (WC-W(—\\ =

US(V\3 the e‘zmen’t&rj renewal theorem Lor N (),

the total number of FQF\QCQW\QV\JCS has o Qom«j-mh rate



Exomple : Age mplacement policies (PK, p.363)
Compute e diskrcoution of the interrenewa | {imes foc © ().
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Exomple : Age mplacement policies (PK, p.363)

[\JON We can ComPutC the lbhcj-ruw\ rate of 'Ul\e

FQP\ucemam+s due 1o +failures
E(N )=
E(L)=

E(i)‘—‘ So

E(\f\\=
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Exomple : Aae replacement policies (PK | p.363)

Suﬂmse that The cost of one rploacement is K | and
each FQP\chmen{' due +o o foulure covks additional ¢
Then , (n the [cnj cun the total amount spent on the
Ceplocements of the omponent per wnt of time
s given by

C(T) =

£ we are Siven c. K ond the distecbution of
the comr)onevx{‘s [ {etime F, we con 'trus to
minimize the overall costs by choo&ivxj the
oPJt'\mm\ value of T.



Exomple : Age replacement policies (PK | p.363)

For Qx&mP\e_. & K=1, c=u ond X, ~Unif[o1) (F)= Xlll(oﬂ\
For Telonl] P = and
the avecage (per wmit of time) lony-run oMs are

C(T) =

dT

\/



Two comPovxen'l’ renewals

Consider the -go!\ow'mg mode |

— (Xi)ier are inferrencuwal times

- ot eoch moment of time the SDS{-QM Stt) con be
th one of two slotes : SK) =0 or SH)=\

- rondom variables Yi  denote the part of Xt
é\»rihj which “he system s in state O 0¢Y; X

~ collection ((%(‘\I(“;‘l‘ s uid,
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Q: s the \0\‘\3 cuh  (for \Od‘je ‘E\l whot s the
Probo\b‘\\‘\‘\'\j fthok the systemy 15 in state | at time %



Jwo component renewals

Thwm

i e P(Skt)=0) =
tow

Proo{'. Denaote %(’c)z . Then
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Jwo component renewals

)= ¥
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EXQ.MP\Q_: the Petec Pr(nc(P\a

ge.t‘t(na‘- Cnfinile PoPulQ‘tfovx ol candidates for certadn Posft(ov\

{roction PQ-F 1he condidates afe competent
C1:\—\3 are ncompetent

« if o Com‘)atam{- pevson is chosen | ofter time
C¢ he/she gets Fromot’ad

« (F an Cncow\Pe‘tzvx{' person 's choyen, he/she

Cemons (n the jo‘o untll retirement (r.\:.I\n

once the Fob‘\tiovx S opzn 0L30u\(/\‘ the Ppou.ss rzjlzo{ts
Ouestion : What fraction of {time , denoted £.ois Ll
\)OSH,‘(DV\ held bj al CV\COMFQ'EQV\"- ]Dersovx

On oNerage (o the (_o\t\j can



Exa,mP\Q_: the Petec Pr{v\c(P\a

\ WL occhiec! bj oo competent person

De_no‘te XL = { | £ OQCULPMA ‘D‘j on LhcomPQ‘te nt Pe'moh
\ g occu.FiQé bj o compqtev\f person

Y L= { , W occu.F(Qé \Dtj on LhcomPQ‘te nt Pe_rsim

KRT for 4wo comPovxqr\+ fenewals can be o.P?\\‘ed +o ((XE,\).')):\

H: Sljf)*‘-O ‘\"" 'tke FQFSOV\ (S incomPQ‘tQV\{\-H\QV\

- Loy EOW
I-e’-\;\w P(S) O\) D and
\ t
= \\ ( = ‘;M — A =
'F t—>Mw ) +t-=20 t 3 1

‘ . . ,.\ il E(\’\\ L (\'?)Q
F\nm\\\j \ \-(: e (Ii\:—_ J |J\"\Q‘” 'F E(Xq ‘Dlun- (\-pN




EXQ,MP\Q_'. 'th-e Pe't'e_r Pr{“C(P\Q (0-\*2"%0&'“\/Q>
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EX(LMP\Q_: the Petec Pr(v\c(P\z

¥ we toke . Khey



