MATH180C: Introduction to
Stochastic Processes Il

Today: Martingales

Next: PK 2.5, Durrett 5.1-5.2

Week 8:
HW6 due Monday, May 22 on Gradescope

Midterm 2 on Wednesday, May 24



Martingales
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Exoamples of martingales
(1) Let X, Ko be independent RV's with E (1Xy|) 4=
and  E (Xe)=o. Define S =X+--+Xn | S. = O.
Then  E(San 15028 ) = E(Sn+ Xon \So\__-\sq
= B (Sn|Se.Sn )+ E(Xun | Se.-, S5n)
= Sn+ E(Ken ) = Sn
=> (6"‘)\20 s o Mcxrjriv\que ot E(Sn)=0

(@) Lek Xi, Xp,... be independent RN with Xuz2o0, E (1Xx[)eo
ond E(X)=1. Define Mn=X Xz Xn, M,z 1.
Then  E(Maw [ Moo Ma ) = E (Mo Hone [ Moo, Ma
= Mn E( Knp | Moym, Mu) = Mn-E(Rnn) = My
= (Mv\) 2o 15 & marhingale with B (M) = E ()=t



ExamP(e

Stock prices in o perfect market

Let Xa be the closing price ot {he end of day n
of o ceriain publicly traded secuwikj such as a Share of
ytock . Mou\kj scholars belleve that (n o perfect
macrket these Pr(ce sequences should be martingales.

(See PK poge F3 for more dz'\'a.\‘l.sy
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Let O(n)nzo be o stochastic process étscr(b\'nj your
total N\'vm\'V\js in N games with wnit stake.
Think of  ¥Xn- Xnat as Yout net w(nh(nas pec antt
Stake W game N, n2i, In o series of games played
at times n=1,2,...,
ln the W\Qr‘t'{vquk coase E(th R | %s ‘X“__-\Kh_‘B
= E(¥n | Xerom Rt )= E(Kna | Kooy Ram )
= Kney - Koy = O (ga,\‘r jQMC 3

Some QoJ'Lj works of mar%(nques woe motivated {’j
Souv\bl;l/\j. Neote that fhere exists o bet‘t(nj si’roﬁcejj
called e 'mad,"qu(e sjg’cew\"e doubLivxg bets after losses



Some basic properties
) 1

Let (Xn)mo be a mar{(njqu.
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Thm  Let (Xn)nzo be o ma("thQle with nonnegative volues.
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Proof of the maximal \'ne_quql\‘Jt\]
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