MATH180C: Introduction to
Stochastic Processes Il

Today: Brownian motion

Next: PK 8.1- 8.2

Week 9:

» homework 7 (due Friday, June 2)



B\"Qvoh\.OLV\ W\O't ;Oh. H(s‘toru‘

e Critical observation

: Robert BPrown (1827-), bo‘to_hl's‘t,

movement of FoUeh Sr‘o.(ns n water
« Firsd (1) mathematical omolxjs\‘s of Brownian motion :

Lowis  Bochelier (j200) hf\ode.UiAj stock  mar leet
L (uctuations

« Brownian Motion |n P\r\js\'cs : Albert Elnstein (1905) ond
Maricn Smoluchowsk, (1902), exP(q(nqel the
P\nczv\ow\avxov\ observed bj Brown

- Fuest rijorous constraction of mdathematical Browsnaan
motion: Nerbect Wiener (1‘325)

Brownian mastion = Wienec prowss

n mothematics



Brownian motion. Motivation

o almost all ih+erest(nj closses of stochastic plocasses
contain Brownian motion @ BM (¢ a
~ mur{(mﬁa(e
- Markov process
- Gaumssion Process
- Lé\u) procass ((nAQFmAen-( s+q+\‘omrj in«eme:ak)
o BM allows explhict calculations , which ore (mpossible for
More 32vu,mk objzc’rs
e BM con be used as o bui ld(nj block. {oc Slher prowesses
e BM  has Moy beautiful moathematical \Df‘oeeft‘?a)



Brownian motion - Definition

Def | Brownian motion with diffusion coefficient 6% s

o continwous time stochastic process (R )i

Su’c(S'ﬁj(hj

(iy BL)=0o  BE) is continuout a3 a Function of +

(i) For all set B(4)-8B(s) ¥ a Goussian random venabe
with mean O ond voriance Gz(-t—s)

(i) The increments of B art ihAe‘;enéev\Jr: i oct.ct,e-e,
hen  {B(H()- B (ki)y . ot independent (Gaussion) eus

L

S =\ & standacd BM



BPM os & continwous time continuows Spoce Moar kou procass

Recall: contimuows time  discrete space. MC (X;C\U_c IS

charocterized bj 4the dransition Pco‘oQb;\fF-J Lanction
PLJ(E) P(Xka—g I IXS \ )
((Xe)eso hos erof(iomrJ ‘h"unSl‘hon Prob&bi\(\-j functions)

I P&F‘E\\Cu‘u(‘ C PUXeA X = () £ [ Pc& (%)
. jeA
In _tb\‘l Contirmmouns state Sj)oxce cade the ‘tr‘o-nS\“t\'ow

Probub;{;"ies e dZSCFL‘chl bj tL\Q_ —tr(thl-t'l‘DV\ Q(ens{{_'j
O plze L §pa)ysl o ol s

Q‘\ P(X,*,CEA lXS x) ,(?t (A ‘j\ Aj for o.ny 'ac_eR AcR
T c‘ehS\’(\J o-g Xs ~t S\Veh X =%



BPM os & continwous time continuowy spoce Mot kou procass

PPO!DO'E(JL{oh. Let (Bt\tv_o e o Standard B M,
Then (Btytao is o« Markev process  with transition

2

densit _ L,c (x%-y)
: A

Informal pr\unqtfovxi lhde{)ehdeh{' S’fthOHer (ncrements

iW\P\j that (Be)ias 1¢ Markou with stu’c\'ov\o.ruj trans(tion
c&cV\s(JC'j. Glven Bg=x, B, = B +( £rs ‘Bs)
uinformation before time s (¢ (rrelevont .

P(Bsu:—%l\?% x ) = P(%s+(‘5&rs—65>-q]%51>
=(P(X*P>m—(’>séujzg l e_zf J\‘)

20+

- o



BMoas o contineous time continuouy spoce Moarkoy procass
Let %,etec¢--cteo | (&(,b.‘}c\'\l."lhavx
P[ B{-\ ¢ (a, |\D\\‘P‘)_€2 ¢ (q,_‘ b;_\\ =

=_J P(B&\e(o\‘b() By, o« (Gz‘\?z\> \%.(_\ = 1|> Pt\(°-1')<11,

i j P( Bae (@ b)) By=ay) Py (o )
Q, be
by

] g Q( Pta-t, (%1)12) dxs P-t (0, ) &%

More 3eherakkj,

P( Bt|e (@b) | Be (@, be),.. Be, € (xn, b“)\)

( :‘)_) S---S P‘Z\ gOI m\\ Pt"_'h\ (l\;15>"" Pth"th-\ ("x'h'\\xkb AI\ T éxn
Q. b Kese X (an dn



Diffusion ec‘uxoi(ov\ Transition sem\'c;rou.P. Generator

Let (Xt)tzo be o Markoy process,

Suppose we want to kwow how the disteibution of X

LY l$ (VY
evolves (n time : \w«P,t

( (thj | s :1) g? ff (x\ﬂd\\] =- PEE =)

We call (‘Pt)tZo the transition Sevv\\'arou‘: [Ps,c feo= B (Pe -Ffi)ﬂ
Propos(JciQV\ Let (Po)is, be the £ransition semigroup of BM
\\\Q_V\ () ‘H\{ nfinitesimal 3e_herq‘ter ol Pl) s 3\\1Qh bj

Qf(=) = P(x)
(i) clenS\‘hj Pt sactisfies ; Pt (‘x ) Z?x Pe e ‘)) [ K bockward |

Q,LL\Q\Q.V\&\Ej P,c s&tIS‘("\QS Ny F{_ o \J) = Z ?jn Pe(a. 7) [ K forward]

T diffusion e_c‘uo:L\on (ﬂ@f\ eq‘uxow('\ own



