MATH180C: Introduction to
Stochastic Processes Il

Today: Introduction. Birth processes

Next: PK 6.2-6.3

Week 1:

» join Piazza



Continuous Time Markoy Chouns

Def ( Continuous -time Markov cho.(v\\
Let (Xt)ts_o = (Xt=0£t4°°\ be o continuous time process
‘ta\LihS values tn Z, . (Xe)pro is called Markov chain if
Lor any e N C0ttoct 4 ctnnds (150, Lo 0y, Unnr, C\je 2.

P( Xs«t=j | Xt.=(° | X’H:i‘- il Xth-—\ =L“"\ XS:“ j
5 P(%s+{=j \XS=“>



Transition pro bobt t\j Lunction

One oy of descr(b(ha o continuous 4ime MC s lmj
u_s(v\a the transition Prome(L(‘t\j functions

Qe_{ | et (Xe\tzo be oo MC. We call
P(ng*—j lX5=;\ C.j'e{O.I.--“] . sxo, t>o
+he transition Pmbub( L\"bj Lonction for (X ez,

I P(XS,,JC =j \ X5=i\ does hot dePencl on & | we say
tYnat (thzo hos S‘h‘t[onar\} tronsi tion Probab\-b\.‘ﬁes and

we  define Ptj (t) := P< Xs«{j [Ks = )t P(X’fﬂ \X"::)

[COMP&(‘& bd\\-b‘l\ n -—g‘bL‘J %aw&ttfow Pc‘obo\b\'u{:zes ]



Chorocterization of the Poisson process

time
ExPe.rLVY\eh’L‘. cownt events OC.cu_rr‘wxa Q,L0h3 [0.+oo) or I-D Space

L4 M X

+ (V2 A (V3
¥ N ~ 7 7v 7% 75 > ‘

Denote bd N((ME\) the number of events thot occuwr on (a,b7.

Assumplions «

| Numbee of events hoppening in disjornt intervals are independant

2.For any t2o and hso, the distrbition of N((t,t+h]) does not
depend on t (only on h, the length of the (nterval)

3. There extsts \>o st. P(N((t, tn,}y\\ A+o(h) ot hso

(rore eNen 5\
4, Stmultoncous events are not ‘:oss‘(b\e,: PIN((t :t‘h3§22>=0(\'\\,'n->3
Xti—— (\\((Oﬂc]\ 15 @ POKSSOn ches) of fate }\



Transittion Probabi\,('(’,tes of the Polsson process
Let (X¢)gro be the Poissen process .
De‘ﬂhe 'H’\e_ tvronsition pr‘oba.bt'l,'\,hj 4whc_'t\'ov\5

Pi(n)= P Xun=j I Xe=0) | Ljefonany | tzo0, hvo

Whot are the i initesimal (sma[,{ k) +vransiTion Frobqb(bltj
functions For QQ:)JQO'?_ As h-=o,

Pi (h)= P (Xeeh = ¢ 1 Xe= 1)
= P( )("E+L\_X{=O l X;c-l \> 7 P(Xuk—%ﬁoj = 1= Ahy o(k\

Lm (h) = P(Xpn=tt1 [ X¢= L) P(Xul\ Xk‘\\ X b o(L\\
2 P‘j U")‘—' O(L\\

j‘ {I...l.‘H»



PO(SSOV\ process and transittion Probq_bl\,\"tl'.es

“To sum wp (Xt)tzo 15 & MC with @nfinitesimal) transition
Probab{l\\-Hes sq,‘tLS'ijng
Pi(h) = 1= AN ro(h)

Pt\{ﬂ ("\\)= Ak ’ro(‘\)
2 Puih = o (W)

Jd‘l'l(ﬂ}

What h[ we allow ch(k\ clquv\c\ on L?

L> birth ond deoth processes



PU«FQ_ birth PrOQeSSe..S

Def Let ()‘k)ltzo be w sequence of Fos(‘t(\le numbers

We define a pure birth process s o Moarkov process

(Xt)tn whose s'tmﬁ'onar'j transition probobilities so:t(swcj

. PK,\L-H ("‘)"' )\\4"\*0“\)
2> P (W)= 1= Achro(h)
3. P“'j (‘J: 0 -For :Jéli
'y Xo =0

Re\&.‘tecl mon_(. \/u.le Process : >\\L=Jg|< ,Fm— some >0
Describes the jrow’tk of a FoFu(o:tiov\ !
- bicth rote s Propor‘tioho& 4o the size of the .PoFu\orH'on



Birth processes ond celoated dferentiol equq'tc‘ons

Now define P,’\(t)=P(Xt=h\)_ For small hso
P, (4+h)= P (Xish=n) = Z P (Kah=n | Xe= ) P(Re= 1)

n

T K%Q P&.h(k) ‘ P(X’c’ k)

= B (h)C () + Bon(W) Bot) + P;Pmm&w)
= (1-ARYPa(E) + Ak R () + o(W)
= Bk) - hPe ) + AL h-RBoi(t) wo(h)

Pu(t4h) = Pu(€) = -AL KR () # AR Pt (£) 4 0(W)

RE)= ton PRBY ) o ) e A P 4)

hao



Birth processes and celoted dfferentiol equq'tc‘ons

P t) salisfies the ‘(o[l_cwihj SjSTeM
of diFecentian eqs. With tmitial conditions
B) = —hBlk) R(o)= |
P - AP MR E) P (o)
I = T A2\ i \ \[ 2 (9) =
gy § PO = AR ) P'(\ 5

Fh () = = AP ()= Ann Bl > Pn (0) = O

SQ‘V(Y\S s sjs'LLW\ 3(\125 s Pm-F of Xi for GmJ-l-_



DeSCrCP‘tlbh 0‘? 'Uf\{ b\'r'u/\ \QrocesSaS VIO SOjOU.rh
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Wi - 'L.'H\ "birth time" Si< time between (&0)-th birth and
(S}
W= L_Z Se L SOJDurh times

A Lternotive oy of c‘\mruct(rizl'hj (X\-)tzo !
- desormbe Ahe dist bu Hon of (Sl }t; 3
~ degribg i 3\“""?5 Xuou\ - Koy
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De_SCr(P‘t(on of the birth processeS vio Sojourn Times

Theorem

Let  (A)iszo be « Sequence of Fos(‘t(wa humbers . Let

(XJJQ,, be o how-decraasinj rt'jk‘l'-—con'h.mous process Koz 0,

‘t&Lihfj VQ.LMES ) {0.\.1--.}, L_eJc S )L,Q be ‘UI\Q SQJOU\.(‘V\
Times associated with (Xt)t?_c’ and define W, - Z S.
Then conditions

(Q) So l Su |§2‘ o e ane Tme[e ()anlivx \’ Q,)C(Poh{h 'HOL( r.y.S
of cake  No, M .- \ Se ~ Es«(o ()\L)
b)) K, =

ore ec‘m\ra\?—v\'l' to

((—\ (-X*\{'io IS o @'—w‘t \)‘\rﬂ\ @'\mc-esS (,Jl{'\ ()Qramkr;
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