MATH180C: Introduction to
Stochastic Processes Il

Today: Introduction. Birth processes

Next: PK 6.2-6.3

Week 1:

» join Piazza



Continuous Time Markoy Chouns

Def ( Continuous -time Markov cho.(v\\
Let (Xt)ts_o = (Xt=0£t4°°\ be o continuous time process
‘ta\LihS values tn Z, . (Xe)pro is called Markov chain if
Lor any e N C0ttoct 4 ctnnds (150, Lo 0y, Unnr, C\je 2.

P( Xs«t=j | Xt.=(° | X’H:i‘- il Xth-—\ =L“"\ XS:“ j
5 P(%s+{=j \XS=“>



Transition pro babt k(t\j Lunction

One oy of descr(b(ha o continuous 4ime MC s lmj
u.s(nS the transition Probmb\'ki‘t\j functions

Def  Let (X)emo be o MC. We call

C,J'e{o,h--‘ﬁ . s20, t>o0

-H\_e ‘trqns\-'\:ion P(‘Qb&b; L\.bj ’FUJI\C‘UOV\ 'FOF CXES‘EZO-

\f P (Xt =3|Xs=§\ does  hot dePenc! on S | we say
tYnat (A0  has S{Q‘t[onar\} transi tion Probab\-l/t"b\“es and

we define

[COMP&(‘& w\\-b‘l\ n —g‘\l? -ﬁ'ro\“s;'tfovx Pc‘obo\b\'u{:zes ]



Chorocterization of the Poisson process

time
ExPe.rLVY\eh’L‘. cownt events OC.cu_rr‘W\S Q,L0h3 [0.+oo) or I-D Space

L4 M X

+ (V2 A (V3
¥ N ~ 7 7v 7% 75 > ‘

Denote ba N((ME\) the number of events thot occuwr on (a,b7.

Assumplions «

| Numbee of events hoppening in disjornt intervals are independant

2.For any t2o and hso, the distrbition of N((t,t+h]) does not
depend on t (only on h, the length of the (nterval)

3. There extsts \>o st. P(N((t, tn,}yﬂ A+o(h) ot hso

(rorz even 5\

4, Stmultoncous events are not Poss‘(b\e,: PIN((t .t1h3§>_7_\)=o(\ﬂl|,\_,3



Transition ProbabiL('(’,(.es of the Poilsson process
Let (Xt)tzo be the Poisson process .
Define the tronsition pr‘obc_b(l,lixj Luwnctions

ch(\r\\)‘-f- P( Xt*h =j |Xt=(3 \ L.jé{o.\,'z,...} ’ 'tzol h>o

What are th thtinitestmal (SMCLM lr\) transition Prob&b(bltj
functions Hfor (Xt>t207_ As h-=o,

Pi (h)= P (Xeeh = ¢ 1 Xe= 1)

(h) = P(Xpsh=tt1 [Xe=1) =

LL+|

2 P (h)=

J“ u%



Poisson process and transittion ProbabLL(‘ttes

“To sum wp (Xt)ﬂo 15 & MC with @nfinitesimal) transition
Prob&b;(\\ﬁes sq,‘th'th‘nS

Ri (k) =
Pl'.\{ﬂ ("\\) =
J%l'u‘ﬂ) _P(lj“\\ )

What h[ we allow ch(\r\\ clquv\c\ on L?

L> birth ond deoth processes



PU«FQ_ birth PrOQeSSeS

Def Let ()‘k)ltzo be w sequence of Fos\"t(ve numbers

We define a pure birth process s o Moarkov process

(Xt)t;a whose S'tmﬁ'onar'j transition Probmb(L\'ties so:l:(swcj

Lo P (h) =
2. By (W)=
3. Pz,j (K) =
y. Ko =0

Re\&tecl mon_( - \/u.le Process : >\\L=Jg|4 ,Fm— some >0
Describes the jmusﬂ\ of a FoFu(o:tiov\ !
- bicth rote s Proportioth 4o the size of the .PoFu\oCH'Dn



Birth process<s ond celoated dferentiol equq‘tc‘ohs

Now define Ph(t)=P(Xt=h\)_ For small hso
P“('l‘.'*"\\: P(Xt#ﬁ”‘} b

Pu(t4h) = Pu(€) = -AL KR () # AR Pt (£) 4 0(W)

Rt)=



Birth processes ond celated differentiol equq’tc‘ov\s

P ) saclisfies the —§olLow(h3 Sjs‘re.rv\

of divHerentian egs. With tnitial conditions
R (t) = R (o) =
P" ({‘) T P| (0) 5
P, [£) = P2 (o) =
oy { :
S (4 = Pa (o) -

Sa|v(h3 s sxjs’b.m gives Yne PM-F of Xi or G\ll\,j"l'_



De_scrip‘t(oh of the birth processeS vid Sojourn Times

(thao
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Wi - l-.'H\ ‘b\'rtb\ 4ime " SL—“'UME between (l:-l)-t‘n birth and U-Th bl.'ftt\"
(1

W= Z S¢ Ls sojourn times

Ll=o

A Lternotive oy of c‘\&ruct(rizl'hj (X\-)tao:



De_scrip‘t(on of the birth processeS via Sojowrn times ®

Theorem

Let  (M)uso be « sequence of positive  numbers. Let
(Xthso be o how-decraasfhj right - continuous process Koz 0 |
talking values (n {o2..3, Let (S)ise be the .SOJOU\-NI\
times associated with (Xt)t>c’ and define W, = Z S¢

Then conditions

()

()

ore ec‘m{\rq\aml- to

(<)



Explosion o

(X)ezo _

1 1 i [
T 1 | |
0 W \?g‘z Ws “‘?ﬁ ]((T t 0 | T mg <
! (IR, ' o
lIS.,%S_TI S, . [ leaes e.x‘:\os(ov'n time
oPu(a‘tiOV\ becomes (nfinite (n
fintte time

__&L’\ _ et (Xt)-tgo be o pure birth process of fotes c/\h)tgo_
Then



So\vihS\ ‘e system ol diflerential e.quxo:tioo\s <)

R(£) = -Xo Pu(t),
_k
Ph' (+\ = - )\h Ph “’) * An-1 Bae ('E)'

R#):
Pk =
P (%) _
P, (t)
3' (¢) =
(%)=

PO(°)=|
Pn(o)=o

for



Solv'ms\ the systewm ol difertential e.qv\octiov\s <)

B (+) . h2|
COY\S\-&Q\‘ the —Fu,nc,‘t(oh G“ (.&3 =

(Qn )=
&V\ (‘:\ =
(—\ Pv\ (+\) = &~ O-FPIj recur‘si\lz(j
= { | - /N\o - f -As)S |'€ A\ I\‘
P )= ™ (h %My - et [ &My, (i Aueds)
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